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Abstract 

The purpose of this paper is to combine classical methods from transcendental number theory with 
the technique of restriction to real scalars. We develop a conceptual approach relating transcen- 
dence properties of algebraic groups to results about the existence of homomorphisms to group 
varieties over real fields. Our approach gives a new perspective on Mazur's conjecture on the 
topology of rational points. We shall reformulate and generalize Mazur's problem in the light of 
transcendence theory and shall derive conclusions in the direction of the conjecture. Next to these 
new theoretical insights, the aim of our application motivated Ansatz was to improve classical 
results of transcendence, of algebraic independence in small transcendence degree and of linear 
independence of algebraic logarithms. Thirty new corollaries, most of which are generalizations of 
popular theorems, are stated in the seventh chapter. For example we shall prove: 

Let 01,02,03 be three linearly independent complex numbers, let p(z) be a Weierstrafl function 
with algebraic invariants and let b be a non-zero complex numbers. If the four numbers satisfy 
certain hypotheses, then one among the six numbers p{dj), e ha ^ is transcendental. 

Let p(z) be a Weierstrafl function with algebraic invariants and complex multiplication by \J — d 
for a square-free integer d > 1. If p(u>) is defined and algebraic, then either lo / \ui\ is algebraic or 
u>/\u>\ and p(iu>) are algebraically independent. 

Let p(z) be a Weierstrafl function with algebraic invariants and lattice A and let lo be a com- 
plex number such that p(u>) is defined and algebraic. Then ruo is transcendental for each r > or 
ruj 6 A for some r > 0. 



This elaborated long version of our work is essentially self-contained and should be admissible 
for master students specializing in transcendental number theory and arithmetic geometry. 
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Chapter 1 

Introduction 



1.1 Analytic subgroups of commutative algebraic groups 
and the methods of Schneider, Gel'fond and Baker 

Many results from transcendental number theory can be reformulated as theorems 
about complex-analytic subgroups of a commutative algebraic group G defined over 
a subfield F of C. In the simplest case of a one-parameter subgroup, which will 
be the only case treated here, one considers a complex-analytic homomorphism 
$ : C — > G(C) which parametrizes the analytic subgroup $(C) in question. It is 
typically required that $ satisfies arithmetic conditions concerning its differential 
and the magnitude of the group of rational points £ G G(F) in $(C). The 
conclusion is then the existence of a proper algebraic subgroup G related to $(C). 
We illustrate this along three unifying approaches which will also serve as a major 
play ground for this paper. 

1.1.1 Schneider's method 

In 1934 Gel'fond [13] and Schneider (29] independently solved Hilbert's seventh prob- 
lem. That is, they showed that for algebraic a^0,l and irrational algebraic (5 the 
number a/ is transcendental. The proof given in |29j can be sketched as follows. 
Using Siegel's lemma, Schneider constructs a sequence of not identically vanish- 
ing exponential polynomials f n (z) = P n (z,a z ) which take small algebraic values at 
points d\ + (3d,2 G Z + /3Z such that \di\ and ^ do not exceed a suitably chosen 
number r n > 0. From Liouville's inequality it follows then in the second step that 
f n must vanish at those points. In the third step Schwarz lemma is applied. It 
yields that f n takes small values within a radius s n which is essentially bigger than 
r n and it is deduced that f n even vanishes along all points d\ + f3d 2 G Z + /3Z with 
\d\\i | ok | < s n /(l + \(3\). If n is large, the argument can be repeated for any given 
radius, and one infers that f n vanishes at all points Z + /3Z. Finally, Nevanlinna 
theory implies that /„ must vanish identically, and the required contradiction is 
established. 

Fifteen years later, in 1949, Schneider [2S] conceptualized the approach sketched 
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above and formulated an important theorem about algebraic dependence of mero- 
morphic functions which, influenced by works of Gel'fond, also involves higher 
derivatives taking algebraic values. Lang [T7] extracted from the technically com- 
plicated proof the case when no higher derivatives are involved and established a 
simple and transparent approach to "Schneider's method" . An important feature of 
this method is that it allows strong applications without involving higher derivatives 
or algebraic zero estimates. 

In the framework of one-parameter subgroups of algebraic groups Schneider's method 
yields the following unifying theorem. We denote by G a commutative algebraic 
group variety of dimension dim G > 2 over Q. We let g a (resp.g m ) be the di- 
mension of the maximal unipotent (resp. multiplicative) factor of G, so that G is 
isomorphic to G c x G^ a F x Gf^ F with an algebraic group G c over Q. We consider a 
one-parameter homomorphism $ : C — > G(C). The rank of its kernel is denoted 
by k and the rank of the group of algebraic logarithms $ _1 (G(Q)) by r. 

Theorem 1.1.1. Assume that 

r • (dim G - 1) - 1 > 2 dim G - (2g a + g m ) - k. 

Then the image of & is not Zariski-dense in G(C). 

The theorem can be derived from the main result of Schneider [28] . It is also a 
formal consequence of Waldschmidt [^Ol Theorem 4.1]. 

1.1.2 Gel'fond's method 

In 1949 Gel'fond [13] proved general results asserting that among certain sets of num- 
bers related by the exponential function at least two are algebraically independent. 
The maybe most famous one teaches that oP and a? are algebraically independent 
for algebraic a^0,l and cubic /3. The essential ingredient in Gel'fond's proof was 
a fundamental lemma relating algebraic numbers to small values of sequences of in- 
teger polynomials which satisfy certain asymptotic growth conditions. The scheme 
of proof is analogous to Schneider's method. Roughly speaking, Liouville's estimate 
and Schwarz lemma are replaced by more advanced tools. In the third step of the 
proof Liouville's inequality is replaced by the fundamental lemma and for the final 
step a result is needed which bounds the total number of zeros of an exponential 
polynomial. An important aspect of "Gel'fond's method for algebraic independence" 
is that- in contrast to Schneider's Ansatz- one cannot avoid to involve higher deriva- 
tives without shrinking the range of applications essentially. 

Essential innovations of Gel'fond's original approach were established in the 1970's 
in two ways. Firstly, Lang [16], Tijdeman [33] and Brownawell [7] published tech- 
nically better versions of the fundamental lemma. Secondly, although Gel'fond's 
original zero estimate was strong enough to yield striking results, it required many 
technical hypotheses. Tijdeman [31] succeeded in proving a zero estimate for expo- 
nential polynomials in which any dispensable technical condition is removed from 
the hypotheses. This lead to the famous theorem of Brownawell [7] and Wald- 
schmidt [4T] in 1973. In the end of the 1980's, after the algebraic zero estimates of 
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Masser-Wiistholz [20], [21] and Philippon |25J were available, it was then possible to 
write down theorems unifying Gel'fond's method in the framework of one-parameter 
homomorphisms. This was accomplished in Tubbs (36] and Tubbs [35]. 
The main results of Tubbs [36] can be restated in the following way. Let F be a 
subfield of C with transcendence degree < 1 over Q and let G be a commutative 
group variety of dimension dim G > 2 over F with Lie algebra g = Lie G. As above 
we consider a complex-analytic homomorphism $ : C — > G(C). We let T be the 
smallest linear subspace of q over F such that $*(C) is contained in T® f C. We 
denote by r the rank of $ _1 (G(F)) and by k the rank of the kernel of $. As above, 
g a (resp. g m ) refers to the maximal unipotent (resp. multiplicative) factor. Finally a 
number 5 is defined to be 1 if dim X = g a = 1 and otherwise. 

Theorem 1.1.2. Assume that 

(1 + k)r • (dim G - dim 1) - r > 2 dim G - (2g a + g m ) + S. 

Then the image of Q is not Zariski- dense in G(C). 

If k < 1, then Theorem 11.1.21 follows directly from the first two results of Tubbs 
[36] . If k > 2, then $(C) is an elliptic curve and, since dim G > 2, automatically a 
proper algebraic subgroup of G(C). 



1.1.3 Bakers's method 

Hilbert's seven problem and its solution by Gel'fond [13] and Schneider [29] from 
1934 were also point of departure of Baker's theory. The assertion that oft is tran- 
scendental for algebraic a ^ 0, 1 and irrational algebraic /3 is equivalent to the 
statement that two non-zero algebraic logarithms ojq,Ui of the exponential func- 
tion e z are linearly independent over Z if and only if they are linearly independent 
over Q. This follows by setting a = e Wl and = ui/uq. Baker [l]-[2] generalized 
the theorem in 1966/67 to an arbitrary set of linearly independent algebraic loga- 
rithms. His results have such deep consequences that a lot of papers were written 
on this subject and many academic careers began with research in this field. Here 
we only quote Masser's paper [19], because it will play a role in our applications, 
and refer for a more detailed development to Baker [T] and Wustholz [43J. As in 
Gel'fond's Ansatz, Baker's method is by constructing auxiliary functions and es- 
timating derivatives, but in a conceptually more ingenious way. One considers a 
linear form A = Xw=i Pj u j with algebraic numbers (3j and Z-linearly independent 
algebraic logarithms Uj. Assuming that A = 0, Baker constructs integer polynomials 
P n and auxiliary functions 

f n ( Zl , z k ) = ■ E P »( rf i' -' 4)e ( • ... • etW^-x)"*-!-*-!. 

dl=0 d k =0 

with many zeros of high order along points (/, ...,/) G Z fc within a suitably chosen 
radius r n . The final contradiction is then achieved by relating these zeros to a non- 
vanishing Vandermonde matrix. One central feature of "Baker's method for linear 
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independence" is that it in fact provides quantitative results. Roughly speaking, the 
assertion that A does not vanish is strengthened to the effect that a positive lower 
bound for |A| is given. As to the qualitative theory, the finishing touches were put 
by Wustholz in the end of the 1980's. Using his algebraic zero estimates from [45J, 
he generalized Baker's qualitative results to arbitrary commutative group varieties 
and obtained in [44j the Analytic Subgroup Theorem. 

To state the theorem, let G be a commutative group variety over Q and denote by 
$ : C — > G(C) a complex analytic homomorphism. Similarly as above T is the 
smallest linear subspace of g over Q such that $*(C) is contained in T®qC. 

Theorem 1.1.3. If the image of $ contains a non-trivial algebraic point in G(Q) ; 
then T C g equals the Lie algebra of an algebraic subgroup He G. 

In order to reveal the link to the two previously stated results, we reformulate 
the Analytic Subgroup Theorem in a slightly modified way. As above we define r to 
be the rank of the group of algebraic logarithms $ _1 (G(Q)). 

(*) Assume that r • (dim G — dim T) > 1. Then the image of $ is not 
Zariski-dense in G(C). 

The equivalence between (*) and the original statement is proved by induction on 
dim G. 

1.1.4 End of the story? 

The approaches of Schneider, Gel'fond and Baker are not restricted to theorems 
about analytic subgroups of a commutative group variety. However, they cover a 
large and representative amount of transcendence results in the framework of ana- 
lytic subgroups of algebraic groups. A second important aspect is that often different 
methods either need to be combined with each other or contribute to the same type 
of applications. For instance, the qualitative part of Baker's theory can be deduced 
using ideas of Gel'fond, Schneider and Lang together with zero estimates. This 
was observed maybe first by Bertrand-Masser [5] and accomplished by Waldschmidt 
[40] . A third interesting feature is that after years of research activity the ideas of 
Schneider, Gel'fond and Baker reached a mature state which most probably cannot 
be improved in an essential manner. Systematic studies as the one of Roy [25] con- 
firm this view. By way of contrast, it is expected that the first two theorems hold 
under much weaker estimates resp. that the Analytic Subgroup Theorem admits a 
generalization to fields of positive transcendence degree which avoids complicated 
estimates in the hypotheses. The "folklore" believe is that one cannot achieve more, 
but is rather far away from best possible results. 
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1.2 From real-analytic homomorphisms to density of ratio- 
nal points 

Here is the idea of our paper: As in the classical setting we start with an algebraic 
group G over a subfield F of C, but will assume that F is stable with respect to 
complex conjugation. Instead of complex- analytic homomorphisms $ : C — > G(C) 
with values in the complex Lie group G(C), we will consider real- analytic homo- 
morphisms \& : R — > G(C) to the real- analytic Lie group underlying G(C). We 
will associate to G an algebraic group M = Nf/k{G) over K — F n R and to ^ we 
will assign a real- analytic homomorphism : R — > J\f(M). The role of the vector 
space Teg over F will be assumed by the smallest linear subspace t C g over K 
such that \I/*(R) is contained in t <S>k R- Here the algebraic group M is the Weil 
restriction of G over K. Its real points are canonically identified with the complex 
points of G and its geometry reflects algebraic morphisms from algebraic varieties 
V ®k F — V x S p ec ^- spec F with models V over K. We shall develop further the 
theory of Weil restrictions and, at the end, we shall obtain a 

"Machinery". A real- analytic homomorphism \I/ : R — > G(C) with arithmetic 
properties is related to the existence of a map v : G — > G' ®k F onto a positive- 
dimensional group variety which is definable over K. 

The approach is in contrast to the classical theory where a connection between 
a complex-analytic homomorphism with arithmetic properties and the existence of 
an algebraic subgroup of the given group variety is established. The raison d'etre of 
our approach is twofold: It allows better applications (see Subsect. 1.2.1) and gives 
new theoretical insights (see Subsect. 1.2.2). 

1.2.1 Prom real-analytic homomorphisms to real fields of definitions. An 
example 

Our "machinery" works only under more restrictive conditions, but then it yields 
definitely better results. The reason for this is, roughly speaking, that in the tran- 
sition from an algebraic group over F to an algebraic group over K = F D R the 
dimension of the algebraic group is doubled, whereas the dimension of the linear 
space t over K remains the same. So, transcendence theory can be eventually ap- 
plied where it could not be applied before. We shall illustrate this by a lengthy 
example. For a list of symbols we refer to Sect. 1.5. 

The six exponential theorem and the four exponentials conjecture. The six 

exponential theorem asserts that for a pair a±, a 2 and a triple bi, b 2 , &3 of respectively 
Z-linearly independent complex numbers at least one among the six exponentials 
e a%h i is transcendental. Let G = and let &(z) = (e blZ ,e b2Z ,e b3Z ) be the homo- 
morphism with values in G(C). Then bi, b 2 and 63 are Z-linearly independent if and 
only if $(C) is Zariski-dense in G(C). Hence, the six exponential theorem teaches 
that if the rank r of the group of algebraic logarithms (G(Q)) is > 2, then $(C) 
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is not Zariski-dense in G(C). It is a direct consequence of Theorem ll.1.11 The four 
exponential conjecture is the same statement as the six exponential theorem, except 
that the triple b±, b 2 , 63 is replaced by a pair b\, b 2 . It follows from Roy [26] that this 
famous conjecture cannot be proved with Schneider's method. 
The real-analytic approach. In special cases the four exponential conjecture can 
be attacked with our "machinery". To make our real-analytic approach work, we 
need to assume that the numbers a\, a 2 are contained in a real line. After replacing 
a%, a 2 ,bi,b 2 by 1, a 2 /ai, fri^i, b 2 ai, we can then achieve that the new ai and a 2 are 
real without changing the hypotheses. Instead of considering the complex-analytic 
homomorphism $(z) = (e felZ ,e &2Z ) to the set of complex points of G = <& 2 m1 it is 
then more advantageous to work with the restriction \I/ = $|r to K. The reason is 
that can be "enlarged" without losing its arithmetic properties. 
Prom ^ to ^jy. We let J\f = G x G and write p : J\f — > G for the projection 
onto the first factor. By abuse of notation we shall identify G and M with their 
extensions to scalars over Q. We denote by h the complex conjugation and for real 
r we set 

m h (r) = (lio$)(r) = (e h{bl)r ,e h{b2)r ). 

In this way we can associate to ^ a real-analytic homomorphism = ^ x ^ h with 
values in A/"(C) such that 

P* {^Af) =F% = * 

and 

\&(r) is algebraic -<=>- ^j\f{r) is algebraic. (1-2-1) 

Let j = 1,2. To obtain a good representation of the derivative of \EV, we shall 
consider the real and the imaginary parts Sj = Rebj and tj = Imbj. Then and 
the homomorphism 

tf'(r) = (e 2sir ,e 2s2r ,e 2tir ,e 2t2r ) (1.2.2) 

differ by an isogeny of N '. 

Applying transcendence theory in the case s > 3. In the lucky case when the 
group Zsi + 7jS 2 + liiti + 7jit 2 has rank s = 3 or s = 4, the Zariski- closure T C M 
of \&jv(R) is a torus of dimension three or four. We let be the extension of V&jV" 
to C. If now all numbers e aihj are algebraic, then it follows from (1.2.1) that the 
rank r of the group of algebraic logarithms $^(T(Q)) is > 2. But in this situation 
Theorem II. 1. II yields that 3>/v(C) is not Zariski-dense in T(C). Since the latter is a 
contradiction, at least one among the numbers e aibj must be transcendental. 
Descent to K in the case s = 2. If the group 7Ls\ + 7*s 2 + 7Lit\ + Zit 2 has rank 
s = 2, then the Zariski closure T has dimension two and the projection p : M — > G 
from above restricts to an isogeny between T and G. To examine this case, we 
identify the Lie algebra n = Lie A/" with Q and its complexification n(C) = n £g>Q C 
with C 4 . In the spirit of our approach we view C 4 as a real vector space and identify 
a vector (zi, 24) G C 4 with (x\, yi, 24, 2/4) G M 8 where Zj = Xj + iyj. Here the 
coordinates Zj are defined over Q, and the coordinates Xj and yj are defined over 
K = Q n K. With respect to the latter coordinates we have 

(Vtf)^(r) = (s 1 r,t 1 r\S2r 1 t2r;s 1 r,—tir;s 2 r,—t2r). 
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If now all four exponentials e aibj are algebraic, then- since a\ and a 2 are real- all 
numbers e aiSj and e taitj are algebraic, too. So, uj\ = aiSi,c02 = aiS2,Co>3 = iaiti and 
W4 = iait2 are algebraic logarithms. As the group Zsi + ZS2 + 7Lit\ + Zi£2 has rank 
s = 2 by assumption, so does the group Xu\ + Zix>2 + Zoj 3 + ZW4. Baker's theorem 
implies that the vector space Ku% + Ku 2 + -ft"w3 + has dimension two over K. 
It follows then by linear algebra that the smallest linear subspace t/v C n over 
such that 

lies in the R-span of trf, has dimension dim t/y = 2. Since pi-p is an isogeny, t = 
P*(W) is then the smallest subspace of q over K such that \I/*(R) C t<g)# R- Here 
we identify t®^- R with its canonical image in 0(C). Note that the equality 

dim t = dim G 

holds. Our "machinery" will teach us that this equality admits a theoretical expla- 
nation: it comes from the existence of an isogeny v : G — > G' ®k Q to an algebraic 
group variety with model G' over K such that v*(^>) takes values in G'(R). This is 
a simple case of a descent to K as will be defined in Sect. 2.3. 

Determining G' in the case s = 2. In our simple case G' can be determined 
in terms Sj and tj up to isogeny. To see this, let S be the one-dimensional torus 
spec Z[x, y]/(x 2 + y 2 — 1) over Z with neutral element (1,0) and denote by E>k the 
extension to scalars over K = Q D R. The assignment fi{x, y) = x + iy defines 
an isomorphism between the group §(C) and the multiplicative group G m (C) = C*, 
and this isomorphism identifies S(R) with the unit circle S 1 C Co In this way we can 
parametrize the points of S(R) by the function e tr with real r. In contrast to that, 
the points in the connected component of unity of G m (R) = R* are parametrized 
by e r . Furhermore, by Example B.5.2 each one-dimensional torus over K is either 
isogenous to the multiplicative group over K or to So, the torus G' from above 
is isogenous to the square of the multiplicative group over K if t\ — t 2 — 0, so 
that in (1.2.2) we get \&'(r) = (e 2sir , e 2s2T , 1, l); it is isogenous to the square of 
if s\ = S2 = and ^'(r) = (l, 1, e 2Uir , e 2 "* 2 ); or else it is isogenous to the torus 
obtained from G m x z S by base change to K. 

Summary. The example shows that the four exponentials conjecture holds in the 
"lucky case" when the two numbers a\ and a 2 are collinear over R and the quadruple 
Sx, iti, s 2 , it 2 generates a group of rank s > 3. This was already observed in Diaz 
[10]. For the "less lucky case" when ai and 02 are still collinear over R, but s = 2, 
it was elaborated how a counter example to the four exponentials conjecture can 
be related to a homomorphism onto an algebraic group over R. In many appli- 
cations the involved group variety G does not allow a non-trivial homomorphism 
v : G — > G' ®k F onto an algebraic group with model G' over K = F R R such that 
f*(^) C G'(R), and then the "less lucky case" can be treated successfully alike. 



lr The map fi is defined over R = Z[i] and stems from the isomorphism of R-algebras [jfi :R[t,t x ] — > R[x, y]/(x 2 + 
y 2 — 1) which maps t to the class of x + iy. 
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1.2.2 From real fields of definition to density of rational points 

The theoretical gain of our approach stems from its relation to Mazur's conjecture 
on the topology of rational points: 

"At a lecture at Columbia University in 1992 Berry Mazur 'tried out' the following 
conjecture on his audience: Let V be a smooth variety over Q with the property that 
V(Q) is Zariski- dense. Then the topological closure of V(Q) in V(R) consists of a 
(finite) union of connected components o/V(R)"|| 

Mazur's conjecture, if true, would generalize the fact that R is the only complete 
proper subfield of C and that the set of rational points of A 1 is dense in the real- 
analytic manifold A 1 (R). And although in their paper [9], Colliot-Thelene, Sko- 
robogatov and Swinnerton-Dyer give a counterexample to Mazur's conjecture, the 
following special case of abelian varieties is still open and point of departure for 
arithmetic considerations (see Mazur [231 Conj.5]). 

Conjecture 1.2.1. If A is a simple abelian variety over Q such that A(Q) has positive 
rank, then the closure of A(Q) in A(R) with respect to the analytic topology contains 
the connected component of unity of A(R). 

Our results below indicate that the following generalization of Mazur's conjecture 
for abelian varieties should hold. In the formulation we use the fact that every 
connected closed subgroup of a real Lie group is a real Lie subgroup. 

Conjecture 1.2.2. Let A be a simple abelian variety over Q of dimension g and let 
T C A(Q) be a subgroup of positive rank. Let C be the closure of T in A(C) with 
respect to the analytic topology and let dim C be its dimension as a real Lie group. 
Then dim C = 2g, or dim C = g and there exists an isogeny v : A — > A' ®k Q to 
an abelian variety with model A' over K = Q PI R such that v (T) C A'(R). 

Conj ecture 11.2.21 allows a broader view on Mazur's question concerning the topol- 
ogy of rational points and relates it to a density problem. Morally, it asserts that 
if a "large" subgroup T C A(Q) is not dense in A(C) with respect to the analytic 
topology, then there should be a theoretical justification for that. This theoretical 
justification is the existence of an isogeny v : A — > A' ®k Q to an abelian variety 
with model A' over K such that V is mapped to the proper subset of real points in 
A'(C). By Conjecture 11.2.11 the image v(T) should then generate a dense subgroup 
of the connected component of unity of A'(R). 

As will follow from Corollary I7.1.19[ Conjecture 11.2. II is equivalent to 

Conjecture 1.2.3. Let A be a simple abelian variety over Q and let T C A(Q) be a 
subgroup of positive rank. Let C be the closure of T in A(C) with respect to the 
analytic topology and denote by C° the connected component of unity of C. Then 
there exists a subspace c of a = Lie A over K = Q n R with the property that 
C° = exp A (c®K R). 

2 from Silverman's review of 24 on MathSciNet. 
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It is not hard to bridge the gap between Conjecture 11.2.21 and our Ansatz. This 
is illustrated in 

Example 1.2 A. Let E be an elliptic curve over Q and let V C E(Q) be a subgroup 
of rank three. Suppose that the closure C of Y with respect to the analytic topology 
is connected. If C 7^ E(C), then C is isomorphic to R/Z and there is a real-analytic 
homomorphism \1/ : R — > E(C) with non-zero kernel and such that T C \I/(R). 
We set Af = Afq/ K (E), replace ^ by and extend to a complex-analytic 
homomorphism : C — > Af(C). Although neither Af nor tyj^ have been exactly 
defined yet, one is able to divine what this objects mean: they are analogs of the 
group variety Af and the homomorphism from the previous subsection. In 
particular, the dimension of TV is twice the dimension of E, so that transcendence 
theory can be applied. Using notations as in Theorem ll.l.ll (with Af instead G), 
we have then dim Af = 2, k > 1 and r = k + rank^ T > 4. It follows from the 
theorem that $a/"(C) is a proper algebraic subgroup of the Weil restriction Af. As 
will be explained in Ch. 2, there is then an isogeny v : E — > E' <S)k F such that 
v(T) C E'(R). 

Summarizing, we see that our approach is, at least conjecturally, related to the 
question of density of ^(R) via the question of existence of real models. 

We conclude this section generalizing Conjecture 11.2.21 to an arbitrary commuta- 
tive group variety. This is also meant to motivate our definition of weak descent to 
K in Subsect. 2.3.2. As to our knowledge there is no straightforward generalization. 
One obstruction is that if G is an arbitrary commutative group variety and V is not 
dense in G(C) then the closure of T in G(C) with respect to the analytic topology is 
a real-analytic submanifold of G(C), but not necessarily with finitely many compo- 
nents (for example, a lattice in G m (C) = C). Therefore, in the general setting one 
should start with a connected proper real- analytic submanifold C of G(C) which 
contains a dense torsion-free subgroup of algebraic points. But even in this case 
Conjecture 11.2.21 is not true for arbitrary commutative varieties, as the following 
example shows. 

Example 1.2.5. Let E' be an elliptic curve over K = QnR, set E = E'cgi^Q and let G 
be an extension of E by a one-dimensional torus over Q. Suppose that G is neither 
isogenous to a group variety with model over K nor an isotrivial extension. Let 
£ G G(Q) be an algebraic point without torsion which projects to E'(R). It follows 
that r = Z£ generates a proper real-analytic submanifold of G(C). However, the 
conclusion in Conjecture 11.2.21 does not hold for G and V because- by construction- 
there is no isogeny v as predicted in the conjecture. But there is a substitute for the 
isogeny in the conjecture. Namely, if we let v be the projection from G to E and let 
G' be the real curve E', then we get a surjective homomorphism onto G' ®k Q such 
that v(T) c G'(R). 

It turns out that a surjective homomorphism v : G — > G'®xQ as in the example 
is the key to a generalization of Conjecture 11.2.21 

Conjecture 1.2.6. Let G be a commutative group variety over Q and let C be a 
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connected proper real-analytic submanifold of G(C). Assume that C contains a 
subgroup T C G(Q) of algebraic points which is dense in C with respect to the ana- 
lytic topology and such that each non-trivial point £ G T generates a Zariski-dense 
subgroup of G(C). Then there exists an algebraic group G' of positive dimension 
over K = Q n R and a surjective algebraic homomorphism v : G — > G' <S>k Q with 
the property that v(C) = G'(R). 

We leave it to the reader to verify that Conjecture ll.2.6l implies Conjecture 11.2.21 
1.2.3 The origins 

Mazur's conjecture for abelian varieties is point of departure of Waldschmidt's article 
[39J from 1992 on the density of rational points on commutative group varieties. 
Conjecture 11.2.11 is proved there under the weaker hypopaper that rank^A(Q) > 
(dim A) 2 — dim A + l. Twelve years later, in 2004, Diaz [TU] applied the technique of 
restrictions to scalars to improve transcendence results in elementary cases, though 
admittedly without referring to Weil restrictions in an explicit manner. In the 
elementary setting of the exponential function it was sufficient to simply consider 
conjugate numbers. Despite many further sources treating the "density of rational 
points" from various points of view, as far as we know the two quoted articles are the 
only ones where restrictions of scalars are applied to transcendence problems. And 
it is not hard to see that the potential of this technique has not yet been exhausted. 

1.3 Outline of the paper 

In the second chapter we conceptualize the density problem by introducing the 
notion of descent to K and then formulate six theorems about real-analytic one- 
parameter homomorphism with arithmetic properties. The results of this chapter 
are stated mainly without proof. The chapter is rather a continuation of the intro- 
duction: We make precise what we indicated above and develop the formal theory. 
Sect. 2.1 and Sect. 2.2 prepare the reader with the background needed to understand 
our definition of descent. We recall all important concepts from geometry in the first 
two sections. This is meant to synchronize terminology. 

In Sect. 2.3 the definition of descent to K and weak descent to K is given and 
elaborated. The main criterion for descents formulated in Subsect. 2.5.3 plays an 
important role in this paper. 

The underlying object of a descent to K is a real-analytic one-parameter homo- 
morphism \l/ with values in the set of complex points of an algebraic group. In 
Sect. 2.4 we consider a refined descent problem. We take a surjective homomor- 
phism 7r : G — > U of algebraic groups, a homomorphism \1/ to G(C), and ask under 
which conditions 7r*(\I/) descends (weakly) to K7 The two theorems formulated in 
this section are technical, but very useful when it comes to applications. Together 
with the main criterion for descent to K they form the kernel of our "machinery" . 
The results from Sect. 2.1-Sect. 2.4 do not rely on transcendence theory. By way 
of contrast, in Sect. 2.5 we shall combine our "machinery" with the methods of 
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Schneider, Gel'fond and Baker. The outcome is a "matrix" of two times three tran- 
scendence results. By this we mean that respectively two theorems are assigned to 
one of the three approaches. The respectively first result assigned to an approach 
is a statement about descent to K, whereas the respectively second one deals with 
weak descent to K. The technical, repetitive and maybe unusual shape of our tran- 
scendence theorems will be justified later by a quite fruitful list of applications. The 
last section of this chapter is informal. There we give a further hint how to deal 
with our approach. 

The first half of Ch. 3 is devoted to conjugate varieties and, what comes along with 
the latter, conjugate sheaves and morphisms. In the second half we show the exis- 
tence of Weil restrictions for finite Galois extension Fj K and recall some functorial 
properties. In particular, we study the Lie algebra of the Weil restriction of a group 
variety. The results stated in this chapter are not new, although some aspects seem 
not yet been elaborated in literature. This is the only regular chapter of the paper 
whose statements are not essentially "self-made". 

The overall aim of the fourth chapter to prove the main criterion for descent and weak 
descent to K (Theorem 12.3.51) . In Sect. 4.1 we introduce the notion of a plurisimple 
algebraic group. We call an algebraic group variety over a field plurisimple if it is 
isogenous to a product of simple algebraic groups. We show that each group variety 
over a field admits a universal homomorphism onto a maximal plurisimple quotient 
which factors each further homomorphism onto a plurisimple algebraic group. The 
study of morphisms to commutative algebraic groups with universal properties is not 
a new idea. In particular, our notion of a universal homomorphism is a special case of 
a "morphisme universel" as introduced in Serre [21]. But this is not the point. The 
crucial observation is that plurisimple groups and universal homomorphisms onto 
maximal plurisimple quotients constitute appropriate tools to solve descent prob- 
lems. The challenge here can be sketched as follows: For a group variety G over F 
the Weil restriction Mf/k{G) "controls" morphisms w : V®kF — > G from varieties 
definable over K to G. But descents deal with homomorphisms v : G — > G' ®x F 
from G to algebraic groups definable over K. In Proposition 4.3.1 it is shown that 
Weil restrictions also "control" the latter, provided that F/K is a Galois extension 
of degree [F : K] — 2. Roughly speaking, the proposition is an abstract reformula- 
tion of our main criterion. In Sect. 4.4 we then deduce the main criterion. 

In Ch. 5 we prove Theorem 12.4.21 and Theorem I2.4.3L These two theorems rely on 
Theorem 12.3.51 and are a major component of our transcendence results. Sect. 5.1 
and Sect. 5.2 deal with two abstract propositions arising in the context of inherited 
descents. As we will show in Sect. 5.3, these two propositions imply the theorems. 

Concerning Ch. 3-Ch. 5 we remark the following: Most of the results from these 
three chapters do not involve analytic concepts and are formulated in a rather ab- 
stract fashion. This abstract approach is justified, because it enables to generalize 
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our "machinery" to the ultrametric setting and to obtain p-adic analogs of the tran- 
scendence theorems from Sect. 2.5. On the other hand, an elaboration of this would 
involve plenty of modifications and would require a further paper. Therefore we 
shall not touch this here. 

The sixth chapter is dedicated to the transcendence results from Sect. 2.5. In 
Sect. 6.1 we collect auxiliary lemmas which do not rely on transcendence theory. 
Each of the following three sections is then devoted to the proof of respectively 
two theorems associated to one of the three methods from the introduction. As is 
expected, the proofs are repetitive to a large extent. On the other hand, each of 
the three transcendence methods has its own specifics which need to be considered 
separately. 

In Ch. 7 we state applications of the six transcendence theorems. On the one hand, 
these applications serve as motivation for our Ansatz. On the other hand, they 
rely in part on arguments from Ch. 3-Ch. 5 and from the appendices. Therefore we 
postponed the applications to the last regular chapter of the paper. However, an 
interested reader will want to have a look at them first or after skimming through 
the second chapter. The applications are divided into three sections. In the first 
section we investigate consequences of Theorem 12.5.71 and Theorem 12.5.81 (Baker's 
method), whereas Sect. 7.2 and Sect. 7.3 are on a par with Schneider's and Gel'fond's 
method respectively. This is not quite consistent with the historical order from the 
introduction. The reason is that some results from Sect. 7.2 and Sect. 7.3 are based 
on our results about linear independence of algebraic logarithms. As to our knowl- 
edge all applications formulated in this chapter are new. 

There are three appendices. App. A is dedicated to the question when a complex 
group variety is definable over a subfield of the reals. The results in App. A are not 
new and we apply them rather sporadically. In App. A we treat extensions of abelian 
varieties by linear groups. The contents of this appendix contribute to the proofs 
of the applications. In App.A.l we list some general facts. Then, in App. A. 2, we 
shall consider conjugate extensions of an abelian variety over R. The third section 
of App. A is dedicated to standard uniformizations of linear extensions of elliptic 
curves. Except Proposition B.2.2 the results in App. A are not new. In the last 
appendix we fix a Galois extension Fj K of degree [F : K] — 2 and investigate Weil 
restrictions over K of simple abelian varieties over F. We obtain a useful crite- 
rion to decide whether a simple abelian variety over F is isogenous to an abelian 
variety with model over K (Proposition CO. 4). This criterion seems new and also 
contributes to the applications. 

1.4 List of new definitions 

Since we build up a new theory, we will introduce some non-standard definitions. 
Here is a list of those definitions which are indispensable for the understanding of 
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the paper. 



model over K 


Sect. 


2.1 


the twin 


Sect. 


2.2 


the conjugate \E' h 


Sect. 


2.2 


■fy N = x 


Sect. 


2.2 


descent to K 


Sect. 


2.3 


weak descent to K 


Sect. 


2.3 


plurisimple group 


Sect. 


4.1 


maximal homomorphism 


Sect. 


4.1 


universal homomorphism 


Sect. 


4.1 


5-invariant 


Sect. 


4.1 



1.5 List of important symbols 



N, M 


natural numbers 


k, /, i, j 


integer indices 


r 


a real parameter 


C 


"is contained in or equal to" 


c 


"is contained in but not equal to" 


Q 


field of rational numbers 


R 


field of real numbers 


C 


field of complex numbers 


Q 


algebraic closure of Q in C 


F 


a field, mostly a subfield of C stable 




with respect to complex conjugation 


K 


a subfield of F, mostly Fnl 


Gal(F\K) 


the Galois group of F/K 




if F/K is a Galois extension 


h 


an element in Gal(F\K), 




mostly the complex conjugation 




= spec F[t], the additive group over F 




= spec F[t, i -1 ], the multiplicative group over F 




= specFftx, ...,ijv], the affine iV-space over F 




= proj F[to, ...,tjsr], the projective iV-space over 


§ F 


= spec F[x, y\j (x 2 + y 2 — 1), the torus over F 


G,H,U,V 


varieties over F, mostly group varieties 


A 


an abelian variety over F 


E 


an elliptic curve over F 


L 


mostly a linear group over F 


T 


a torus over F 


o G 


the sheaf of regular functions 




with values in F 
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G(C) the complex manifold of de- 

valued points if F C C 

G' variety over K, often the i^-model of G 

G'(R) the real-analytic manifold of 

R-valued points if K C R 

c/(G) set of closed points of G 

u, v, w, fi, v morphisms between varieties, often 
isogenies between algebraic groups 

i>" the homomorphism of structure sheaves 

associated to a morphism v 

V ® K F = V x S pec k spec F 

u® K F =ux spec k idspec f 

e, cq the neutral element of G 

[k]c the multiplication with k on G 

the Lie algebra of G over F 

g(F') = q ®f F' for an extension F' of F 

g' the Lie algebra of G' over K 

t a subspace of q over K 

tyv see Subsect. 6.1.2 

(9 a vector field in g 

A the kernel of exp G , often a lattice in C. 

^ a real-analytic homomorphism 

from R to G(C) 

^ the induced IR-linear homomorphism 

of Lie algebras 

ty h the conjugate of ^ 

% the twin of * 

\EV = * x \t> h 

$ a complex-analytic homomorphism, 

mostly the complexification of \1/ 
7r : G — s> U a surjective homomorphism 
Nf/k(G) the Weil restriction of G over K 
Pg the functorial map from Af F / K (G) ®k F to G 

7V(v) the map from V to Nf/k(G) associated 

to a morphism v : V ®k F — > G 
vn the morphism between Weil restrictions over K 

induced by a morphism v of varieties over F 
%{—) see Sect. 3.3 
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Chapter 2 

Descent to real subfields 



2.1 Algebraic varieties, complex conjugates and analytic struc- 
tures 

Let F denote a subfield of C and let W be the scheme specF. For a field exten- 
sion j" : F — > F' we consider the induced F-scheme W = specF' with structure 
morphism j = specfj 1 '). A variety over F is a scheme over F which is irreducible, 
separated and of finite type over F. A variety over F is smooth if it is regular as 
a scheme. We denote by G a smooth variety over F and let G(F') be the set of 
morphisms from W to G over F. An element of G(F') is called a point over F' 
or an F' -rational point. As usual a point £ : W — > G over F will be identified 
with its closed image im£ G G. If F' C F" are two extensions of F, then the 
pull-back defines an inclusion of G(F') into G(F"), and we will eventually not dis- 
tinguish between G(F') and its image in G(F") to keep the notation short. For the 
same reason we will not distinguish between G(F") and the F"-rational points of 
G® F F t = Gx specF W. 

Let if be a subfield of F. A model of G over K is an algebraic variety G' over K 
such that G is isomorphic to G' ®k F. The variety G is definable over K if it admits 
a model over K. It is important to note that, in general, G may have several models 
over K which are pair-wise non-isomorphic over K (see App. A. 2). 

Let h G Gal(C\R) be the complex conjugation and j : G — > W the structure 
morphism of G. We denote by Q the scheme underlying G. The scheme Q together 
with the morphism j h = spec(h) o j to specF h define a variety over F h = h(F). 
It is called the complex conjugate of G and is denoted by G h . The identity map 
on Q induces a morphism p from G to G h over K — F D M where we consider G 
and G h as schemes over K. If £ : W — > G is an F-rational point of G, then 
P*(0 = p ° £ ° spec(/i) defines an F h -rational point of G\ 

Let G be again a smooth variety over a subfield F of C The set of complex points 
G(C) of G is endowed with the structure of a complex manifold and, consequently, 
with the structure of a real-analytic manifold. For this we refer to Shafarevic fZ7\ 
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Ch. VII] and to App. A.l. The complex- and the real-analytic structures are deter- 
mined by the complex algebraic variety G% C. In Subsect. 3.2.1 we shall show 

Proposition 2.1.1. The map p* : G(C) — > G h (C) from above is a real-analytic 
isomorphism. 

If the field F is contained in IR, then the set of real points G(M) is a proper 
real-analytic submanifold of G(C) of dimension dim G(R) = dim G and it is dense 
in G(C) with respect to the Zariski topology. This assertion follows from Silhol [32j 
p. 31]; it is in general wrong for singular varieties over IR. 

2.2 Algebraic groups and one- parameter homomorphisms. 
Definition of *p], * h and Vf^ 

A group variety over F is a group object in the category of varieties over F with 
the additional property that the neutral element of the group law is a point over F. 
We consider a group variety G over F. We denote by e = ec € G(F) the neutral 
element and define g to be the Lie algebra of left-invariant vector fields on G. For 
a field extension F' of F we write q{F') = g ®f F' . The space g is an algebraic 
object. However, each algebraic vector field defines a holomorphic vector field on the 
complex Lie group G(C), and we obtain a natural inclusion g into the Lie algebra 
of G(C). For dimension reasons this yields an identification of g(C) with the Lie 
algebra of the complex Lie group G(C). As recalled in App. A. 2 we get then a 
unique exponential map exp G : g(C) — >■ G(C). 

Proposition 2.2.1. Let G c be a complex Lie group and let : R — > G c be a real- 
analytic homomorphism. Then there exists a unique holomorphic homomorphism 
$ : C — > G c such that $| R = ^. 

The proof of the proposition is left to the reader. In what follows we will mostly 
consider real-analytic homomorphisms \1/ from IR to the analytic manifold induced 
by a group variety G. By Lie group theory the extension $ admits then a unique 
differential : C — > g(C) such that $ = exp G o This is recalled in App. A. 
The restriction of to IR defines an IR-linear homomorphism to g(C) which will 
be denoted by 'I/*. Next we define the twin of ^> by *&[i](r) = $(ir). The complex 
conjugate of \l/ is ^ h = p* o v|>. Moreover, we set \EV = ^ x ty h and get this way a 
homomorphism into the set of complex points of G x G'\ 

2.3 Descent to real subfields 
2.3.1 Descent 

Let F be a subfield of C, set K = F fl IR and consider a commutative group variety 
G over F. Let ^ : IR — > G(C) be a real-analytic homomorphism. We say that \1/ 

^^More precisely, <3>* is defined on LieC = C-r-. But, as usual, we shall identify a tangent vector with the 
complex number c. 
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descends to K if \I/ is non-zero and if there is an algebraic group G' over K and an 
isogeny v : G — > G' '<8>kF of algebraic groups over F such that t>*(\l/) =uo$ factors 
through the inclusion of G'(R) in G'(C). In other words, we get a commutative 
diagram 

R ^G(C) (2.3.1) 

G'(R) C — -G'(C). 

A diagram as above does not exist in general. To get a rough picture of this phe- 
nomenon, we look at two easy examples. 

Example 2.3.1. Let F = C, let G' be G a ,R and write G for G 0) c- Then G'(R) = 
R and G(C) = C. A non-zero real-analytic homomorphism \I> : R — > G(C) is 
multiplication with ^(1) G C*. Hence, if we set v(z) = z/^(l), then v*(*f?) takes 
values in G'(R) = R- 

The example throws some light on our definition of descent to K. We see that the 
definition is only interesting if the considered algebraic group G has a sufficiently 
rich geometric structure. But it is not sufficient that G admits a model over R, as 
the following example shows. 

Example 2.3.2. Let F = C and let T be the complex torus G m ,c- Then 

\I> : R — ► T(C),tt(r) = e (1+i)r 

does not descend to R. In fact, by Example I A. 2. II below there are two isomorphism 
classes of tori T' over R of dimension dim T' = 1 with complexification isomorphic 
to T. One is represented by the multiplicative group over R and the other one by 
the commutative group variety §k where 

§ = specZ[x,?/]/(x 2 + y 2 - 1) (2.3.2) 

is the algebraic torus over with neutral element (1, 0) from Sect. 1.2. The set S(R) 
is compact, whereas the image of \I/ is not. Thus, if ^ descends to R, then there 
is an isogeny v of T such that t>*(\l/) takes real values. But each isogeny of the 
multiplicative group is multiplication with an integer and maps the image of \l/ to 
itself. Therefore \I/ cannot descend to R. 

The reader will find more on descents in App. A. 3. 



2.3.2 Weak descent and "defects" 

As above we let F be a subfield of C and set K = FnR. We consider a commutative 
group variety G over F and a real- analytic homomorphism ^ : R — > G(C). In this 
subsection we shall formulate a refined notion of descent. We say that \1/ descends 
weakly to K if \1/ is non-zero and if there is an algebraic group G' of positive dimension 
over K and a surjective homomorphism v : G — > G'®kF of algebraic groups over F 
such that f*^) factors through the inclusion of G'(R) in G'(C). Roughly speaking, 
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the definition of weak descent to K is the same as the definition of descent to K, 
except that the isogeny in Diagram (2.3.1) is replaced by a homomorphism onto 
a positive dimensional algebraic group. In particular, descent to K implies weak 
descent to K. The converse is not true, as the following example shows. 

Example 2.3.3. Let A be a complex abelian variety which is not isogenous to an 
abelian variety definable over R and set T' = G a ,R and T = G Q) c. Consider non-zero 
real-analytic homomorphisms : R — > A(C) and ^2 '■ R — > T'(R) and let v be 
the projection from A x T to T. Then the homomorphism ^ = ^1X^/2 does not 
descend to R, whereas the image of v*(*S?) = ^2 is contained in T'(R). 

We suppose now that F is stable with respect to complex conjugation and that 
[F : K] = 2. Then the Lie algebra g = Lie G is a vector space of dimension 
dinift- = 2 dim g over K. In the following proposition a central theme of the paper 
is thematized: the connection between " defects" and weak descents to real subfields. 

Proposition 2.3.4. Let ^ : R — > G(C) be a non-zero real-analytic homomorphism. 
Consider q as a vector space over K and let t C g be the smallest subspace over K 
such that ^*(R) C t%R. //* descends weakly to K = FDR via v : G — > G'® K F, 
then the "defect" dim^ g — dim t is larger than or equal to the dimension of & . 

Proof. The Lie algebra q' = Lie G' is identified with a proper subspace over K of 
the Lie algebra of G' ®k F (viewed as a vector space over K). We will show in 
Corollary 3.3.3 below that (v o \I/)*(R) is contained in g'(R). Since R is a faithfully 
flat A"-module and as t>* is AMinear, it follows that f*(t) is contained in g'. Hence, 
t is a proper subspace of g over K and dim^ g — dim t > dim g' = dim G'. □ 

Conversely it is not true in general that a positive " defect" implies weak descent to 
K. We will show later that the this holds provided that F = Q (see Corollary l7.1.17p . 

2.3.3 The main criterion for descent and weak descent 

We denote by F a subfield of C and define K to be the intersection FnR. It is again 
assumed that F is stable with respect to complex conjugation and that [F : K] = 2. 
We let G be an algebraic group variety over F and let ^ : R — > G(C) be a non-zero 
real-analytic homomorphism with Zariski-dense image in G(C). Recall the definition 
of tytf from Sect. 2.2. We write H for the smallest algebraic subgroup of G x G h 
such that ^jv"(R) C H(C). The algebraic group H equals the intersection f] V of all 
algebraic subgroups VcGxC with the property that ^^(R) C V(C). In Sect. 4.4 
we shall prove 

Theorem 2.3.5. The homomorphism descends to K if and only if dim H = 
dim G. And \1/ descends weakly to K if and only if dim H < 2 dim G. 

The first part of the main criterion is not a deep result, but it will be used 
everywhere. The condition in the second part means nothing but that H is proper 
in G x G'. Although the second assertion is also standing to reason, its proof is 
quite involved and occupies almost all of the fourth chapter. 



24 



2.4 Inherited descent to real subfields 

Many applications in transcendence theory involve not only a single algebraic group 
G but a homomorphism tt : G — > U of algebraic groups. To be more precise, 
one tries to deduce transcendence properties of U from transcendence properties 
of G. Typically, G is an extension of U by an "auxiliary" linear group and tt is 
the projection to U. Similar situations will appear in our real-analytic setting and 
this section is devoted to an axiomatic approach to such situations. The problem 
here can be formulated as follows. Let F be a subfield of C and let tt : G — > U 
be a surjective homomorphism of commutative group varieties over F. Consider a 
commutative diagram of non-zero real-analytic homomorphisms 




(2.4.1) 



U(C) 

If \I/ descends (weakly) to K — F D R, when does tt*(^>) descend (weakly) to K7 
Example 2.4.1. Let U = A and be as in Example [2331 and let it : A x A' 1 — > U 
be the projection. As we will learn in the next chapter, \1/ = (^i)jv' descends to R, 
whereas it*^) = cannot descend to R. 

In the example the group Hom(fcer tt, U h ) is infinite. The following two theorems 
which are proved in Ch. 5 show that this is one essential obstruction for inherited 
descents. In the statements we suppose that F is stable with respect to complex 
conjugation. 

Theorem 2.4.2. If \& descends to K and if Hom(fcer tt, U h ) = {0} ; then 7r*(\I/) 
descends to K . 

Example 12.3.31 (with tt the projection to U = A) illustrates that the theorem does 
not generalize literally to weak descents. For a correct generalization of the previous 
theorem to weak descents we need to consider the smallest algebraic subgroup H C 
G x G h such that *(R)cH(C). 

Theorem 2.4.3. If dim G + dim U > dim H and if Hom(U' 1 , M) = {0} for each 
quotient M of kern, then tt*^) descends weakly to K. 

The inequality in the last theorem cannot be improved, as the following example 
demonstrates. 

Example 2.4.4. Consider Example 1 2 . 3 . 3 1 once again and let tt be the projection from 
A x T to U = A. Then tt*^) = and kern ±2 T. The assumption that A is 
not isogenous to an abelian variety definable over R implies by Theorem 12.3.51 that 
(^i)jv' has a Zariski-dense image. On the other hand, as will become clear in the 
third chapter, T = G TO) c coincides with T h and \l/ 2 = t>*(\l/) equals its conjugate. 
Hence, here we have H = A x A' 1 x A where A C T x T = T x T' 1 is the one- 
dimensional diagonal. Therefore, 

dim H = dim A + dim A h + dim A = 2 dim U + dim ker tt = dim G + dim U. 
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And since U is an abelian variety, whereas ker n ^ T is linear, we have Hom(U' 1 , M) = 
for each quotient M of ker tt. 



2.5 Applying transcendence theory 

In what follows we will combine the above theory with the approaches of Schneider, 
Gel'fond and Baker. This yields six transcendence results where respectively two are 
aligned to one of the three approaches. The six theorems are all situated in the same 

Setting. The symbol F denotes an algebraically closed subfield of C which is 
stable with respect to complex conjugation and we let K be the intersection Fnl. 
We consider a surjective homomorphism 7r : G — > U of algebraic groups over F and 
denote by ^ : R — > G(C) a real-analytic homomorphism with Zariski-dense image. 
This leads to a diagram as in (2.4.1). The homomorphism \l/ induces two invariants 
r = rank^ ty' 1 (G(F)) + rank^ \l/^j 1 (G(-F)) and k = rank^ker\I/. Finally we define 
t C Q to be the smallest subspace over K with the property that ^*(R) C t ®k R- 



The respective first theorem of the next three subsections deals with inherited de- 
scents to K, and the respective second theorem with weak descents to K. We let 
H C G x G h be the smallest algebraic subgroup with the property that \Ev(IR) C 
H(C). The algebraic group H will not appear in the hypotheses of the theorems any- 
more, but it plays a central backstage role. The theorems have then the following 
shape. 

(*) We require that F, r, k and dim t are such that transcendence theory leads 
to the estimate dim G > dim H. If in addition the hypotheses of Theorem 



2.4-2\ are satisfied, then 7T* (\&) descends to K . 



(**) We require that F, r, k and dim t are such that transcendence theory leads 
to the estimate dim G + dim U > dim H. If in addition the hypotheses 



of Theorem \2. 4 -3\ are satisfied, then n*(ty) descends weakly to K . 



2.5.1 Two real-analytic theorems about transcendence 
(Schneider's method) 

In this subsection we shall modify Schneider's theory in the above style and state 
real-analytic versions of Theorem II. 1.11 We set F = Q and apply the above setting. 
In addition we consider a decomposition G ±2 G r x G Sa -=- x G gm -^ with natural numbers 

1 L a,Q m,Q 

gm, ga > and an algebraic group G c over Q. Taking care of a refined decomposition 
is not quite aesthetic, but once more enlarges the radius of applications. 

Theorem 2.5.1. // Homier tt, XJ h ) = {0} and 

(r - 2) • dim G > 3 - (2g a + g m ) - k, 

then 7r J |,(^ r ) descends to K. 
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Note that, as indicated in the introduction, the inequality in the theorem is 
weaker than the one from Theorem 11.1.11 

Theorem 2.5.2. If Hom(XJ h , M) = {0} for each quotient M of kern and if 

(r - 2) ■ (dim G + dim U) > r - (2g a + g m ) - k + 1, 
then 7r*(\l/) descends weakly to K. 

Remark 2.5.3. If G is linear, then the summand "— (2g a + g m )" on the right hand 
side can be replaced by "— (2g a + g m + dim U)". We will prove this in Ch. 6, right 
after proving the theorem. 

2.5.2 Two real-analytic theorems about algebraic independence 
(Gel'fond's method) 

The two results of this subsection mirror the impact of our theory on Gel'fond's 
method. We assume that F is an algebraically closed field which is stable with 
respect to complex conjugation and with transcendence degree < 1 over Q. As 
above, we consider a refined decomposition G ^ G c x G^f x ^mV The dimension 
of G c is abbreviated by g c and we define 

^ _ f 1 if g a > and dim t = 1 
[ otherwise 

Theorem 2.5.4. Assume that 

(1 + k)r ■ (dim G - dim t) + kr > f 2 + — — - ] g c + g m + 1 + 5. 

V gc + iy 

If Hom(A;er ir, U h ) = {0}, then \1> descends to K. 

The next theorem is analogous to Theorem 12.5.21 

Theorem 2.5.5. Assume that 

(1 + k)r • (dim G + dim U - dim t) - r > 2g c + 2 dim U + g m + 5. 

If Hom(U h , M) = {0} for each quotient M of kern, then 7r*(ty) descends weakly to 
K. 

Remark 2.5.6. (compare Remark |2. 5. 3p If G is linear, then the summand "2 dim U" 
on the right hand side can be replaced by "dim U" . 

2.5.3 Two real-analytic theorems about linear independence of algebraic 
logarithms (Baker's method) 

This subsection is devoted to two results which are inspired by the Analytic Sub- 
group Theorem and deal with linear independence of real and imaginary parts of 
algebraic logarithms. Here F is the field of algebraic numbers Q and and the twin 
$?u] of \& is defined as in Sect. 2.2. 
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Theorem 2.5.7. Assume that the image of^f or^fu] contains a non-trivial algebraic 
point in G(Q) and that dim G > dim t. If Hom(/cer ir, U' 1 ) = {0}, then dim U = 
dim 7r*(t) and 7r*(\I/) descends to K. 

The last theorem is again about inherited weak descents. 

Theorem 2.5.8. Assume that the image of^> or^w contains a non-trivial algebraic 
point in G(Q) and that dim U + dim G > dim t. If Hom(U' 1 , M) = {0} for each 
quotient M of kern, then 7T*fi?) descends weakly to K. 

Recall Statement (*) following Theorem II . 1 .31 There we reformulated the Ana- 
lytic Subgroup Theorem by means of an inequality involving r, k and dim G. The 
same is possible with respect to Theorem 12.5.71 and Theorem 12.5.81 To this end, 
note that the image of \1/ or contains a non-trivial algebraic point in G(Q) if 
and only if r > 0. Hence, the first hypopaper in Theorem 12.5.71 holds if and only if 
r(dim G — dim t) > 1 — r. And the first condition in Theorem 12.5.81 is fulfilled if and 
only if r(dim G + dim U — dimt) > 1. 



2.6 Instead of a user's manuel 

There is no unique best possible way to warm toward our Ansatz. However, a rather 
disadvantageous approach is by meditating on the statements of the transcendence 
results and trying to gain insight from this. Certainly, it is possible to build up the 
theory in a different style, but most probably this will lead to a presentation which 
is as formal as ours. A better way is by trying out examples and asking: What 
can classical theory say? And what is reached, in contrast to the latter, with the 
approach presented here? 

Let's consider the following example which is related to linear independence of log- 
arithms. We take an abelian variety A and an abelian threefold B over Q. It is 
assumed that the two algebraic groups are simple. Set G = A x B and choose 
an algebraic logarithm uj G g(C) whose image £ = exp G (a;) G G(Q) generates a 
Zariski-dense subgroup of G(C). Let t be the smallest subspace of g over K with 
the property oj G t ®k ^- Suppose that u is such that dim t is minimal among all 
logarithms in exp^ 1 ^). Finally let p : G — > A and q : G — > B be the projections 
and set \I/(r) = exp G (a;r). 

Here is what classical theory tells us: The subspace t generates q over Q and there- 
fore dim t > 5. 

And this is what can be inferred with the above approach: If t = g, then ty, 

and q*(^) cannot descend to K — Q fl M. On the other hand, if t ^ g, then there 

are three possibilities: 



28 



1. It holds that dim t = 8. Then the homomorphism p*(^) descends 
to K, but q*(^) does not. 

2. We have dim t = 7. The homomorphism q*fi?) descends to K , but 
p*(^) does not. 

3. The equality dim t = 5 holds. Then all three homomorphisms ty, 
p*(^) and descend to K . 

Obviously, the above list is comparatively richer in content than the answer of 
the classical theory We suggest to the reader to elaborate 

Exercise 2.6.1. Derive the above list of possibilities. 

While solving the exercise, one will notice that no statement is deduced from just 
one among the above theorems. For the proof of the three possibilities one has to 
apply Proposition 12 .3 .4] the main criterion for descents to K together with Theorem 
12.5.71 and Theorem 12.5.81 in a combined manner. We will meet again this structure 
of inferring in the proofs of the applications. At the end of Sect. 7.1 a solution of 
Exercise 12.6.11 is given. 
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Chapter 3 



Conjugate varieties and Weil 
restrictions 

3.1 Conjugating varieties, morphisms and sheaves 

Let F be a field with fixed algebraic closure F. We consider a variety G over F 
with underlying scheme Q and sheaf of F-algebras Oq. We emphasize right in the 
beginning that we will always assume that Oq is the sheaf of regular functions 
with values in F, that is, algebraic morphisms to A F . This is certainly no loss of 
generality, because the structure sheaf of a variety G over F is isomorphic (as a 
sheaf of F-algebras) to the sheaf of regular functions on G with values in F. 
Let U C G be an open set, let / G r(U, Oq) be a regular function on U and let F' be 
a field extension of F. Then / induces a regular function f ®p F' : F' — > A F ,, 
hence an element in T(\]<S>fF', Oq® f f>)- Via restriction one receives then a function 
in r(V, Oq® f f>) for each open subset V C U ®p F' . The elements of 0gi» f f' arising 
from functions in Oq form a subsheaf of Cg®fF' : it is the subsheaf of functions 
defined over F. 

After we have clarified this for the convenience of the reader, we proceed to the 
definition of conjugate varieties. To this end, let K be a subfield of F and fix a 
homomorphism h G Homft-(F, F). For c G F h = h(F) and a local section / of Oq 
we define a scalar multiplication on the sheaf Oq by c * / = h~ x {c)f. This way the 
structure of an F h -variety on Q is established. It is called the h-conjugate of G and 
denoted by G\ As agreed above, we replace the sheaf (Oq, *) of F h -algebras by the 
sheaf of regular functions with values in F h and consider G h with the latter in what 
follows. 

If j : Q — y W is the structure morphism of G to W = spec F, then the structure 
morphism of G h equals j h = spec (h^ 1 ) oj and its image is W h = specF h As 
already indicated in Sect. 2.1, the identity on Q implies a commutative diagram of 



1 Compare the definition given in Sect. 2.1. There h was the complex conjugation. In this special case there is no 
distinction between h and its inverse h^ 1 . 
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schemes over K 



G >■ G' 1 



W 



spec (h- 



W 



Here the morphism p depends on h and G, but this is supressed as long as h and G 
are fixed. 



To an algebraic morphism v : G — > H of varieties over F we associate the conjugate 
morphism v h : G h — > H' 1 of varieties over F h . To define the conjugate morphism, 
fix h and let pq resp. pn be the morphisms p as above, associated to h and G resp. H. 
Then we get a commutative diagram 




It results that v h = pu o v o p^ is a morphism of varieties over F. This is the 
conjugate morphism. It is then clear from the construction that, for all £ G G(F), 
v h satisfies 

v h (e)=p(v(o) = no) h - (3.1.1) 

Conjugation of morphisms in particular implies conjugation of regular functions and 
conjugation of points over F: Let U C G be an open set. Then conjugation yields 
an isomorphism of rings between r(U, Oq) and r(U' 1 , G h). Here for / e r(U, Oq) 
and £ e G(F) it holds that h(f(£)) = f h (£ h ). And if £ : W — > G is a point over 
F, then its conjugate £ h : W h — > G h is the point p*(£) = po(o spec (h). 



Finally we shall study conjugation of sheaves of abelian groups. So, let £ be a 
sheaf of abelian groups on G. If U C G is an open subset, then XJ h is an open subset 
of G h in a natural way. We set r(£ h ,U h ) = r(£, U). Using the same restriction 
maps we receive a sheaf of abelian groups on G\ If £ is a sheaf of C G -modules, 
then its conjugate is an (9 G h-module in a natural way. Namely, for / e T(0 G h, U h ) 
and a £ T(C h ,\J h ) = U) a multiplication V is defined by / * a = f (h ) a. In 
particular, the conjugate of the structure sheaf Oq is canonically isomorphic to the 
structure sheaf of regular functions G h as C^-module. Conjugation of sheaves 
leads to an exact and fully faithful functor of sheaves of abelian groups and thus im- 
plies a conjugation in sheaf cohomology. To be more precise, for k > the identity 
induces isomorphisms of cohomology groups 

h\p) : H fe (U,£) — ► R k (XJ h ,£ h ). (3.1.2) 

Moreover, a homomorphism u : C\ — > C 2 of sheaves of abelian groups on G induces 
a homomorphism u h satisfying 

u h (a h ) = (u(a)) h (3.1.3) 
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for all local sections a G r(U, C\) on an open set U C G. Since u is a global section 
of the sheaf of homomorphisms between L\ and C 2 , the definition of u h is a special 
case of conjugation of sheaves. 

3.2 More about conjugate varieties 

3.2.1 Realization in the afRne case 

Assume that G is a subvariety of the iV-dimensional afline space with associated 
prime ideal J G C F[X 1: ...,X N ] and let J G C F h [X 1: ...,X N ] be the conjugate prime 
ideal. Then the afline F h -algebra (F[Xi, X N ]/J G , *) is naturally isomorphic to 
the affine F h -algebra (F h [X 1 , X^]/ J G , •) with usual multiplication To be 
more precise, an isomorphism arises from assigning to the class of a polynomial the 
class of the polynomial with conjugated coefficients. Therefore G h is canonically 
identified with the subvariety of A^ h associated to the ideal J G . With respect to 
this identification the map p* is uniformized by conjugation of afline coordinates by 
h. 

If H is a further afline variety embedded into M-dimensional afline space then a 
morphism v : G — > H is represented by polynomials Qi,...,Qm £ F[X 1 , X N ]. 
With respect to the above realization of afline conjugate varieties, the polynomials 
with conjugate coefficients Qi h , Q M h £ F h [X 1 , X N ] define then the conjugate 
morphism v h . 

3.2.2 Conjugate varieties and base extensions 

Consider a commutative square of field extensions 

-F 2 

-K 2 

Let h 2 G Rom K2 (F 2 , F 2 ) and set hi = h 2 \ Fl G Rom Kl (F 1 , Fi). 

Lemma 3.2.1. For all varieties G over F\ there is a canonical isomorphism 

G hl ® F hi F2 2 - (G® Fl F 2 ) h \ 
Proof. Left to the reader. □ 

3.2.3 Conjugate varieties and Galois actions 

In this subsection F/K is a finite Galois extension and G' denotes a variety over K 
with base extension G = G' ®k F. We let p : G — > G' be the projection of schemes 
and fix a h G Gal(F\K). The previous lemma applied to K\ — K 2 — F± — K and 
F 2 = F yields identifications 

G = G' ® K F = G' ® K F h = (G' ® K F) h = G h . 
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The morphism p of if-schemes associated to h coincides with the p-equivariant 
automorphism idc x^-spec {h' 1 ). This way an action of Gal(F\K) on the scheme Q 
underlying G is defined. As seen in the previous subsection, it extends to an action 
of points over F which fixes G{K) = G'(K)E 

Lemma 3.2.2. Let F/K be a Galois extension of fields and let G' andU' be varieties 
over K . Consider an algebraic morphism v : G' <S>k F — > H' ®x F. Then v = v h 
for all h G Gal(F\K) if and only if v is defined over K , that is, if and only if there 
is an algebraic morphism v' : G' — > H' such that v — v' ®k F. 

Proof. Well known. □ 



3.3 Conjugate group varieties and the exponential map. 
Canonical actions 

In this section we shall work out the previous constructions in the case of a group 
variety over a subfield of C and shall relate them to the exponential map. 
We let F be a subfield of C and set K = F n E. It is assumed that [F : K\ = 2 
and that F is stable with respect to complex conjugation h. We denote by G a 
group variety over F with neutral element e G G(F), multiplication p and inversion 
morphism i. We leave it to the reader to verify that the conjugates of e, p and i 
define the structure of an algebraic group over F h on G h . Since the three morphisms 
and their conjugates are identical as morphisms of schemes over K, the real-analytic 
isomorphism p* : G(C) — > G h (C) from Proposition 12.1. II constitutes then an iso- 
morphism between the real Lie groups G(C) and G h (C). 

We denote by g the Lie algebra of left-invariant vector fields of G. A vector field 
d G Q is an endomorphism of Oq, so that conjugation induces an isomorphism of 
vector spaces over K 

Ue(p):Q-^g h ,Ue(p)(d)=d h 

such that d and d h satisfy (3.1.3). To be more precise, if U h C G h is an open set 
and d G Q, then d h = Lie(p)(<9) acts on F h -valued functions f h on U h by 

d h f\e h ) = <9'7' l (p*(e)) = h(df(e)). (3.3.1) 

The isomorphism extends to an IR-linear isomorphism between 0(C) and h (C) which 
is defined the same way. It will be denoted by the same symbol. 

Lemma 3.3.1. The isomorphism Lie(p) : 0(C) — > h (C) is defined over K and 
coincides with the differential of p* . That is, we get a commutative diagram 

(C) Uc{p) ^ (C). 



exp 



exp 



G(C) — -G"(C) 



2 As explained in the introduction, we identify G(K) with a subset of G(-F). 
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Proof. It is sufficient to prove the assertion in the case when F — C We shall 
assume first that G is a subvariety of and that e = 0. The Lie algebra g is 
identified with the tangent space T e G at the unit element. This is the vector space 
of C-derivations of of the local ring Oc, e - Using standard coordinates Zj, we receive 
then an embedding of g into T (A^) = J2f=i^j- Here dj acts as djf = £rf{0). 
Let be the real-analytic map arising from complex conjugation of standard co- 
ordinates on A 7V (C). Then h N (e) = h N (0) = e. According to Subsect. 3.2.1 we have 
p* = fojv|G(C)- Statements (3.1.1) and (3.3.1) imply that a tangent vector d G g 
(viewed as an element in J2f=i ^j) * s mapped to the tangent vector with conjugate 
affine coordinates. Indeed, a regular function / on G is represented by a complex 
polynomial in N variables, and the conjugate regular function f h is represented by 
the polynomial with conjugate coefficients. So, (d h f h )(e) = /i((<9/)(e)) for all regu- 
lar functions / if and only if d h = h^{d). The assertion follows in this situation. And 
if G is an arbitrary group variety, then the same argument works after embedding 
an open neighborhood of the origin into affine space. □ 

For a vector space t + over K we define the canonical action of Gal(F\K) on 
t = t + ®k F with respect to t + by h(v <8> c) = v <8> h(c) for v G t + and c G F. If, 
conversely, t is a vector space over of finite dimension over F then "H(t) shall denote 
the set of .fT-subspaces t + C t such that dim^t = dim^t 4 " and t = F— span of t + . 
Given t + G H(t), t is identified with t + ®k F. Hence, t + defines a canonical action 
of Gal{F\K) on t. 

Let now G' is a commutative group variety over K and write G for the base extension 
of G' to scalars over F. Then the Lie algebra g' of G' is canonically contained in 
the Lie algebra g = g'(F) of G. Therefore, g' G H(g). 

Lemma 3.3.2. The canonical action of Gal(F\K) on g with respect to g' coincides 
with the action of Gal(F\K) on g defined (3.3.1). 

Proof. Let d' G g', c G F and write d = & <g> c. For all regular functions / G O e ^ 
over K we have then /(e) = /i(/(e)) and {d') h f(e) = h(d' f(e)) = d'f(e)u Hence, 

d h f(e) = h(c ■ «97(e)) = h{c) ■ d'f(e) = {& ® h(c))f(e). 

As each left-invariant vector field in g is determined by the values it takes on func- 
tions / G O ej G over K, it follows that Lie(p)(<9) = & ® h(c) for all d G g' and all 
ceF. ' □ 

Corollary 3.3.3. Let G' be a commutative group variety over K . Then the image 
of q'(M) under the exponential map is the connected component of unity G°(R) of 
G'(R). 

Proof. Write G = G' ®k F. Since G = G h , Lemma [3.3.11 implies that p* o exp G = 
exp G o Lie(p). As seen in the previous lemma, Lie(p) acts trivially on g'(IR). And 
by Subsect. 3.2.3 the set of real points G'(R) is fixed by p*. Altogether we find 
that g'(M>) is mapped into G°(R). The assertion follows then because the two real 

3 The notion of a regular function over K = K was defined in the first subsection of this chapter. 
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manifolds fl'(R) and G°(R) have equal dimension and as the exponential map is a 
local diffeomorphism. □ 



3.4 Definition of the Weil restriction 

Let F/K be an extension of fields and consider a variety G over F. The Weil 
restriction of G over K is a pair (AfF/K(G),PG) consisting of a variety Af F / K (G) 
over K and a morphism p G : Nf/k(G) ®k F — > G over F such that, for all 
varieties V over K and all morphisms v : V ®k -F — > G over F, there is a unique 
morphism 7V(f) : V — > Nf/k(G) with the property that v = pc ° (N(v) <&k F). 
That is, we have a unique commutative diagram of morphisms over F 

Y ®k F -M f/ k(G) ®k F 

It follows from the definition that Nf/k{&) is unique up to isomorphism over K. To 
formulate an alternative definition of Weil restrictions, assume that F/K is a finite 
Galois extension. Theorem 13.5.21 below shows that in this situation the restriction 
to scalars over K exists for every variety G over F. Let Var^ resp.Var^ be the 
category of varieties over F resp. over K and consider the bi-functors 

J"i : Var^ x Var F — ► Sets, T x (V, G) = Mor K (V, N F/K (G)) 

and 

T 2 : Var x x Var F — > Sets, T 2 (Y, G) = Mor F (V ® K F, G) 

For each variety G over F choose a Weil restriction Mf/k{&)- Then the collection 
{A/F/ftr(G),pG}GeVar F defines a pair (Mf/k^f/k) consisting of a covariant functor 

Mf/k '■ Varp — > YaiK 

and an equivalence of functors Tfik '■ F\ — > F2 given by J i 'f/k(v) = Af(v). The 
Weil restriction is thus the left adjoint of the functor '— ® K F\ 

3.5 Existence and basic properties of the Weil restriction 

In this section we show the existence of Weil restrictions for finite Galois extensions 
and state further properties of the latter. To start with, we recall the notion of 
a descent datum. We let F/K be a finite Galois extension of fields and set W = 
spec F. A variety G with underlying scheme Q and structure morphism j : Q — > W 
together with an action \ '■ Gal(F\K) — )• Aut(^) is called a descent datum if, for 
all h G Gal(F\K), the following diagram of morphisms of schemes commutes 
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g — *g 

j j 

spec (h -1 ) 

w ■ — w 

In Subsect. 3.2.3 we denned a canonical action of Gal(F\K) on varieties of the form 
G' ®x F. We denote such an action by x'- 

Theorem 3.5.1. Let F/K be a finite Galois extension and let G,x be a descent 
datum associated to F/K. Then there is a model G' ofG over K and an isomorphism 
v : G — > Q'®kF of varieties over F which commutes with the actions of Gal(F\K) , 
that is, such that v o x = x' ° v - 

Proof. The theorem is shown in Weil |42j. Since Weil did not use the language of 
schemes, we also cite Grothendieck [HI Exp. 190] for a modern reformulation. □ 

With this we can state the existence result from Weil [32] ■ For the convenience 
of the reader we recall that if Gj are varieties over F and £j G Gj are points with 
Zariski- closure Vj C Gj, then rijl^j} defines a point in the fibre product [X/ G j- 
This is the generic point of the product Ylj Y, C Ylj G i- 

Theorem 3.5.2. If F/K is a finite Galois extension, then each variety G over F 
admits a Weil restriction (Mf/k(G),pg) over K with the following properties. 

1. N F/K (G) ® K F equals U h& Gai(F\K) G "- 

2. p G : M f /k{G) ® k F — > G is the projection to G = G ld - . 

3. Forr G Gal(F\K) and a point Y[ h {(,h} G n^G'' 1 ^ e Galois action otiNf/k{G)®k 
F is given by 

h J rh 

Here ^ T h = p T h,h(£,h) where p T h,h '■ G h — > G Th is the morphism of schemes over 
K stemming from conjugation with r. 

Sketch of proof. We only sketch the proof. Next to the above cited sources, a short 
modern proof can be found in Huisman's paper [151 P- 27]. 
On the product YlheGai(F\K) G h a descent datum 

x h : n g ^ n g 

TEGal(F\K) reGal(F\K) 

is defined by requiring that 

pr T °Xh = p T ,h-W ° Wr-^h 

for all h G Gal(F\K). Here p T /j-i r refers to the morphism G r 1/1 — > G T over K 
arising from conjugation with r. Let M be the variety over K associated to this 
descent datum. Then M ®k F = Y\h G ''- It was shown in Weil [32] that M together 
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with the projection pq = pr^. is a Weil restriction. The idea of proof is the following. 
A morphism v : V = V ®k F — > G implies a morphism w = Ylh V>1 '■ V — > Ylh G h 
such that if f G V is fixed by GaZ(F|K), then «;(£') G {llheGai(F\K){^h ^ G } ■ 
It follows from Lemma [3.2.21 that w is defined over K, that is, w = w^f £8>x F for a 
morphism u;_/v over K. □ 

Let F/X be a finite Galois extension and let G be a variety over F. Consider 
the Weil restriction Af = Mf/k{G) over K. Let c/(G) (resp. cZ(AT)) be the subset of 
closed points of G (resp. of M). Theorem l3.5.2l implies the following set-theoretical 
relations. 

Corollary 3.5.3. We have canonical identifications 

d{N) = jn{H;£ e <*{G) 

and 



A/ "W = {n^>;eGG(F)|. 



Corollary 3.5.4. Let F/K be a finite Galois extension of fields and let G and H be 

varieties over F. Then an algebraic morphism v : G — > H induces a morphism : 
Mf/k{G) — >■ Nf/k(R) °f Weil restrictions over K such thatvop G = pn°iy^®KF) . 

Proof. It follows from Corollary 13. 5. 3l that u = Ylh V>1 maps cZ(A/f/x(G)) to cI{Nf/k(R)) ■ 
Hence, u(£) = {u(£)) h = u h (t) = « fc (0 for all h G Gal(F\K) and all f G 
d(jVp/i<:(G)). Since the sets of closed points are Zariski-dense, u = u h for all h. 
This and Lemma [3.2.21 imply that u = ®k F with a morphism vj^ over K. □ 

The next lemma summarizes further properties of Weil restrictions in case of its 
existence. Since these basic properties will be applied throughout in what follows, 
the reader should focus on the statement for a moment. 

Lemma 3.5.5. Let F/K be a finite Galois extension of fields and let G, Gi and G2 

be varieties over F . 

1. There is a natural isomorphism Mf/k{G) ±2 ATf/k^G 11 ) and p^h = (pc) h for all 
heGal{F\K). 

2. dim N f /k(G) = [F : K] ■ dim G. 

3. There is a natural isomorphism Mf/k{G\ Xp G2) — N"f/k{Gi) Xr Nf/k{G2)- 

4- If K C F is an extension of K such that [FK : KK ] = [F : K], then the 
Weil restriction of G D = G <S>f (FK ) over KK exists and there is a natural 
isomorphism J\f f/k (G) ® K (FK Q ) ±2 M F k /kk {G ) . 
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Proof. The first two statements result from Theorem 13.5.21 Statement 3. follows 
from the universal properties of products. We proceed to the proof of Statement 4. 
The Weil restriction Mfk /kk {G ) arises from a descent datum 

xr°: n q s-> n g o 

r£Gal(FK \KK ) reGal(FK \KK ) 

and the restriction to scalars Nf/k(G) is associated to a descent datum 

xi- n qt — ► n g 

reGal(F\K) r&Gal(F\K) 

Here the two data are as in the proof of Theorem 13.5.21 Since we have a canonical 
isomorphism Gal(FK \KK ) ^ Gal(F\K), the datum Xh K ° * s equivalent to the 
descent datum Xh ®k (KK q ). Hence, Nfk o /kk o (G ) is isomorphic to Mf/k{G) ®k q 
(K K). This is Statement 4. □ 



3.6 Weil restrictions of group varieties 

3.6.1 The Lie algebra of a Weil restriction 

We denote by F/K a finite Galois extension of fields. 

Lemma 3.6.1. Let G be a group variety over F with multiplication law \i, inversion 
morphism i and neutral element e. 

1. Nf/k{Q) together with the multiplication law /i^, inversion morphism i^ and 
neutral element e^ is a group variety and, for all varieties V over K , 

Mf/k : Hom F (V ® K F, G) — ► Hom^V, Af F/K (G)), M F/K {v) = v N 

is a homomorphism of groups. 

2. There is a natural identification 

UeM F /K{G) = |^9 h ;9eg| 

with h varying over Gal(F\K) . Here we view LieA/F/A"(G) as a subset of 
Lie(G x G h ) =Q®g h . 

Proof. It is left to the reader to verify that, for each h G Gal(F\K), fi h and i h 
define group structures on G\ So, n^/^ an d Ylh^ h define group structure on 
Nf/k(G) ®k F . It follows from Lemma [3.2.21 that these morphisms are defined over 
K. So, they arise from an addition ^ and an inversion i^f on the Weil restriction. 
It is then clear by construction that Mf/k is a homomorphism of groups. Statement 
1. follows. For the proof of Statement 2. we define 
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with h varying over Gal(F\K). Write J\f = J\f F / K (G) and consider an affine open set 
U C G containing the unit element. The affine algebra T(Af F / K (U), Oj\r) is spanned 
over K by functions 

f=£(<g)/. 

with a, r varying over Gal(F\K) and f a G p*r(XJ a , On<$ k f) ■ Here p is the projection 
[\ h G h — > G CT . For an arbitrary J2 h d h G 03 we have 

On the right hand side we replace r _1 /i by ft. Then statement (3.3.1) together with 
the fact that F/K is a Galois extension yield 

Since f was arbitrary, it follows that the vector stalk of J2 h ^ h a ^ the un ^ element 
e = e^f defines a if-derivation of CV, e - This shows that ^ h d h G Lie A/" where we 
view Lie Af as a subspace of Lie (G x G' 1 ). But J2 h ® h was chosen arbitrary, so that 

03 C Lie A/". (3.6.1) 

Since for each ft, G GaZ(F|if) the map Lie(p)(v) = v h is defined over K, 03 is a vector 
space over if of dimension dim^ 03 = [F : if] • dim G. Hence, 

dim^ 03 = [F : if ] • dim G = dim J\f = dim Lie A/" (3.6.2) 

Statements (3.6.1) and (3.6.2) imply Statement 2. □ 



3.6.2 Simple algebraic groups and Weil restrictions 

If a monic polynomial P(x) of positive degree with real coefficients is irreducible 
in then there is a complex number a such that P(x) = (x — a) or P(x) = 

(x — a)(x — ft(a:)) with the complex conjugation ft. The following lemma states an 
analog of this for Weil restrictions of group varieties. 

Lemma 3.6.2. Let F/K be a Galois extension of fields of degree [F : K } = 2 and 
denote by h the generator of Gal(F\K) . Let G' be a simple algebraic group over K . 
Then G = G' <S>k F is either a simple algebraic group over F or there exists a simple 
algebraic group U over F such that G is isogenous to U x U\ 

Proof. Let 7r : G — > U be a surjective homomorphism onto a simple algebraic group 
U of positive dimension over F. Since G' is simple, the induced homomorphism 
Af(ir) : G' — > Mf/k^) defines an isogeny between G' and its image H' C Af F / K (U). 
If H' = A/>/k(U), then G is isogenous to U x XJ h = N F/K {XJ) ® K F. And if H' ± 
A/"f/k(U), then H = H' ® K F is a proper group subvariety of the product of simple 
groups U x U\ Thus, H is simple over F. As G is isogenous to H, the corollary 
follows. □ 
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3.6.3 Exact sequences of group varieties and Weil restrictions 

As the following lemma shows, the functor of Weil restrictions can be extended to 
exact sequences of algebraic groups. 

Lemma 3.6.3. Let F/K be a finite Galois extension of fields. Then the functor 
Mf/k extends to the category of exact sequences of group varieties over F. That is, 

to an exact sequence L — H> G — — >■ A of group varieties over F there is associated 
an exact sequence 

N F/K m ^ M F/K {G) ^ M F/K {k) 
of group varieties over K in a functorial manner. 

Proof. Clear. □ 
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Chapter 4 



The main criterion for descent and 
weak descent 



The aim of this chapter is to prove the main criterion for descent and weak descent 
(Theorem 12.3.51) . It turns out that the proof is purely algebraic in nature. In the 
first section we shall formulate some auxiliary lemmas about plurisimple algebraic 
groups (to be defined below). In particular, for an algebraic group G we will define 
the maximal plurisimple quotient G = G/G ps and the 5-invariant 5(G). These 
two notions seem of general interest. The second section deals with intermediate 
applications to Weil restrictions. Afterwards we formulate and prove an abstract 
version of the main criterion (Proposition I4.3.T]) . In the last section we shall derive 
the main criterion. 

4.1 Plurisimple groups and the maximal plurisimple quo- 
tient 

Definition and general properties 

We let F be a field. A commutative group variety G over F is called plurisimple if 
it is isogenous to a product of simple algebraic groups over F^\ 

Lemma 4.1.1. Let G be a plurisimple group variety over F and H be a connected 
algebraic subgroup ofG. 

1. H is plurisimple. 

2. G/H is plurisimple. 

3. Let v : G — > Y[ k j=i be a maximal homomorphism. If dim G > 0, then 




the number 6(G) of factors depends only on the isogeny class of G and is an 
invariant of G . 

It would be more reasonable to call such groups semi-simple, quasi-simple or even almost simple. These notions, 
however, are already reserved. 
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4- H admits a complement V, that is, a connected algebraic subgroup V C G with 
the property that the sum H + V taken in G equals G and such that H fl V has 
dimension zero. 

5. The 5-invariant is additive, that is, 5(H) + 5(G/R) = 5(G). 

Statement 5. holds with the convention that 5(G) = if dim G = 0. The proof of 
the lemma is lengthy and left to the reader. We proceed to general group varieties. 

Lemma 4.1.2. Let G be a commutative group variety of positive dimension over F . 
Then there is a connected linear subgroup G ps C G such that each homomorphism 
over F from G onto a plurisimple algebraic group factors through the quotient map 
onto G/G ps . 

Proof. If a connected subgroup G ps with the universal property exists, then it is 
linear. In fact, since abelian varieties are plurisimple (by Poincare's irreducibility 
theorem) and as the quotient of G by its maximal linear subgroup L is abelian (by 
Chevalley's theorem), it follows that G ps C L. So, G ps must be linear. We are left 
to prove the existence of G ps . 

We start with an arbitrary algebraic homomorphism 7t[ : G — > G[ onto a plurisim- 
ple algebraic group G^ and let tti : G — > Gi be the Stein factorization of tc[. If 
7Ti factors all further algebraic homomorphisms tt' 2 : G — > G' 2 onto a plurisim- 
ple algebraic group G 2 , we are done. Otherwise, there exists a homomorphism 
7r 2 onto a plurisimple algebraic group G' 2 which is not factored by tti. Let G' 2 be 
the image of the homomorphism 7Ti x 7r 2 to Gi x G' 2 . Let 772 be the Stein fac- 
torization of the homomorphism tti x 7t 2 to G' 2 . The homomorphism 7Ti factors 
through 7T2- So, keriT2 C keriii. If ker tt\ = keriT2, then tti would factor 1T2 
and 7r 2 . Therefore, kerrci C ker tt2- Since tti and 7C2 are connected, we infer that 
dim keriT2 < dim keriii (dimension of algebraic groups). By the above the image 
of 7T2 is a plurisimple algebraic group G2. If vr 2 factors all further homomorphisms 
71-3 : G — > G 3 onto a plurisimple group G 3 which are distinct from n 1 and 7r 2 , then 
7r 2 is as required. Otherwise, there exists a homomorphism 7r 3 onto a 
plurisimple algebraic group such that the Stein factorization 773 of 1^2 x ^3 satis- 
fies dim kerns < dim ker 1^2- For dimension reasons this process must stop. So, 
for some natural number /, dim keriii = dim kerni+i for all choices of algebraic 
homomorphisms 7r( +1 . Then G ps = keriii fulfills the universal property. □ 

For a group variety G over F any surjective homomorphism 71 : G — > G with 
kernel equal to G ps will be referred to as universal. As mentioned in the introduction, 
the notion of universal morphisms ("morphismes universels") appears already in 
Serre [2U def. 3] and our definition is a special case of that. 

A homomorphism v : G — > Ylj=i on to a product of simple algebraic groups 
Gj of positive dimension is referred to as maximal if k is maximal among all such 
homomorphisms. For formal reasons we extend this definition to a group variety e 
of dimension zero over F. We call any surjective homomorphism v : e — > Ylj=i 

maximal. Maximal homomorphisms v : G — > Ylj=i are no ^ umc L ue m general. 
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But, as will follow from the next lemma and its corollary, the Stein factorization of 
a maximal homomorphism is unique up to isomorphism. 

Corollary 4.1.3. Let G be a commutative group variety of positive dimension over 
F and let v : G — > Ylj be a maximal homomorphism. Then the Stein factoriza- 
tion of v is universal and 5(G) = k. Moreover, dim G > 0. 

Proof. As G ps is connected, tt has connected fibers. Moreover, the Stein factorization 
St(f ) of a maximal homomorphism v factors through the quotient map tt : G — > 
G/G ps as, say St(t>) = u o tt. If u is no isogeny, then Lemma 14.1.11 teaches that 
5(G/G ps ) is strictly larger than the number k of simple factors Gj. Hence, v is not 
maximal. This yields the second assertion by contradiction. For the last statement, 
let H C G be a proper subgroup of maximal dimension. Then G/H must be simple 
and dim G/H > 0. Hence, G ps C H and dim G/G ps > 0. The corollary follows. □ 

The above results show that the number 6(G) = 5(G) is an invariant which 
depends only on the isogeny class of G. If, more generally, G is an arbitrary algebraic 
group over F, then the connected unity component G° of G is a group variety over 
F, and we set 5(G) = 5(G°). We will call it the 5-invariant of G. 

Lemma 4.1.4. Let k > 1 be an integer and let Gj, j = l,...,k, be commutative 
group varieties of positive dimension over F with universal homomorphisms ttj : 
Gj — > Gj onto plurisimple algebraic groups Gj. Then it = n ?= i 7r j ^ s a universal 
homomorphism of the product group G = Y\!j=i Gj- 

Proof. Let p : G — > G be a universal homomorphism. Then tt factors through p 

as, say 

TT = U O p. (4.1.1) 

If u is no isomorphism, then u is no isogeny for the fibers of tt are connected. So, if 
u is no isomorphism, then Lemma 14.1.11 implies that we can choose a complement 
V C G of keru. We consider then the quotient map fi : G — > G/V. Taking a 
simple quotient U of G/V of positive dimension, we receive a surjective non-trivial 
homomorphism \i : G — > U such that 

Vcfcer/i. (4.1.2) 

Write v = fiop and, for j = 1, k, let G* be the copy of Gj in G = n,=i Gj- Since 
7r = IX/=i ^ji it follows that 7T|g* is universal. Hence, V\q* factors through 7T|g*. This 
in turn implies that v factors through it. Statements (4.1.11) and (4.1.12) imply 
then 

p~ L (keru) +p~ 1 (V) C kerv. 

But, as V + keru = G, we have G = p~ 1 (keru) + p _1 (V). As a result, v — 0. We 
get a contradiction and infer that u is an isomorphism. This yields the lemma. □ 

Lemma 4.1.5. Let G be a commutative group variety with universal homomorphism 
p : G — > G and let H a proper algebraic subgroup of G. Then the image p(K) is a 
proper algebraic subgroup ofG. 
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Proof. Let u : G — > G/H — > V be a surjective homomorphism onto a simple 
quotient V of M /G of positive dimension. Now, if p(H) = G, then u does not factor 
through the universal homomorphism u. Contradiction. The result follows. □ 



Addendum: An analogy to rings 

Let R be a commutative ring with unit element. Then the intersection of all maximal 
ideals of R is the Jacobson radical J(R). It turns out that for a commutative group 
variety G over a field F the universal kernel G ps has a similar meaning. We call an 
algebraic subgroup H of G maximal, if H is a connected proper subgroup and if for 
every infinite algebraic subgroup T C G the algebraic group generated by H and T 
equals H or G. This definition is in analogy to the one of a maximal ideal of R. The 
set of all maximal subgroups of G is denoted by max G. Finally we define 

{There are k groups H, G max G, j = 1, k, 
such that (G ps + f\j=i Hj) is finite 

Lemma 4.1.6. The group G ps is contained in flHemax g H ; the quotient flHemax g H/G ps 
is finite and the identity 5(G) = e(G) holds. 

Proof. We start by proving the first two assertions. The equality is clear if dim G = 
1. So, we shall assume that dim G > 2. If H G max G, then G/H is simple. The 
universality of G ps implies that G ps C H. Hence, G ps C flHemax g Next let 
v : G — > rif=i be a maximal homomorphism and write pj : Ylj=i — * f° r 
the projection. Let Hj be the connected unity component of ker (pj ov). Then H, G 
max G and HjLi = kerv. It follows from Corollary 14.1.31 that ( Dj=i Hj)/G ps is 
finite. Hence, ( flHemax g H ) / G p* is nni te. 

Next we verify the equality of numbers. It holds for sure if k = 1. So, assume 
that k > 2. Then the proof of the second assertion shows that 5(G) > e(G), 
because (Q* =1 H 3 -) /G ps is finite. On the other hand, if T = (f]^ZlLj) /G ps is 
finite for a suitable choice of maximal groups Li,...,Lfc_i G max G, then we set 
Gj = G/Lj and let Wj : G — > Gj be the quotient map. We get a surjective 
homomorphism w = rij" 1 ^' on ^° the product YljZi Gj °f simple groups. As T 
is finite, w has the property that its factorization u : G — > YijZx Gj through the 
universal homomorphism ir : G — > G is a finite morphism. Hence, w is maximal 
and Lemma 14.1.11 implies that k = 5(G) = k — 1. The contradiction shows that 
5(G) = e(G). □ 



4.2 The image of a subgroup H' C M under the universal 
homomorphism. Plurisimplicity of Weil restrictions 

We return to the theory of Weil restrictions and denote by F/K a finite Galois 
extension of fields. Here we state two immediate applications of the previous section. 
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Proposition 4.2.1. Let G be a commutative group variety over F with universal 
homomorphism tt : G — > G. Let H' be a proper algebraic subgroup of Mf/k{G). 
Then 7r_v(H') is a proper algebraic subgroup of ATf/k{G). 

Proof. Let h G Gal(F\K). Then the properties of conjugate morphisms from 
Sect. 3.1 imply that n h is universal. By Lemma 14.1.41 the morphism ir^f ®k F = 
Y[ h 7f h is universal. The proposition follows then from Lemma 14.1.51 applied to 
H = H' ® K F. □ 

In the next proposition we assume that [F : K] = 2 and let h be the generator 
of the Galois group Gal(F\K). In the applications F will be a subfield of C which 
is closed with respect to complex conjugation and K will be the intersection Fnl. 

Proposition 4.2.2. Let G be a commutative group variety over F and assume that 
G is plurisimple. Then Mf/k{G) is plurisimple. 

Proof. In a first step one reduces to the case when G is a product of simple groups 
rij=i Gj. Since by Lemma l3.5.5l A/' = Nf/k{G) is canonically isomorphic to Ylj^-^F/KiGj), 
the assertion is then reduced further to the case when G is simple. We will assume 
this from now on. 

If Af contains no proper simple algebraic subgroup of positive dimension, then Af 
is simple and hence plurisimple. If Af is not simple, then there is a proper simple 
algebraic subgroup L' C AT of positive dimension. We set L = L' <S>k F, U' = Af /U 
and U = U' ®k F. Moreover, we let p' : Af — > U' be the quotient map and write p 
for p' ® K F. Since 5{Af ' ® K F) = 2, it follows that 5(L) = 6(XJ) = 1. In other words, 
L and U are simple. Recall that Af ®k F = G x G h and set V = G x {e G h }. Then 
L 7^ V for L = L h , whereas V h = {ec} x G h ^ V. Hence, V is a simple complement 
of L in M®kF . This in turn implies that the restriction of the quotient morphism p 
to V is an isogeny. Let u : U — > M®kF be a homomorphism with image imu = V 
and such that pou is multiplication with an integer k. Recall that V is contained in 
Af ®f K and write v for pq o u. The universal property of Weil restrictions implies 
the existence of a morphism Af(v) : U' — > Af such that v = pc ° {Af(v) ®k F). We 
know from the proof of Theorem 13.5.21 that Vj\f ®k F coincides with the morphism 

(«, v h ) : V = V' 1 — >Gx G h , (4.2.1) 

and it follows from (3.1.1) and Theorem 13.5.21 that (v,v h ) = u + u h . Since p = p h 
and [k]u = ([k]\j) , we find 

(p' o Djv) ®k F = p* (v , v h ) = p* (u) + (u h ) = p* (u) + (p h ) # (u h ) = 
p*(u) + {p*(u)) h = [k] v + {{k]v) h = [2k] v . 

Therefore, the subgroup ^(U') C A" is not equal to L' = kerp'. A simplicity 
argument shows that v_\f{\J') is a complement of L' in A". As 6 (AT) < 5(Af®KF) = 2, 
this in turn implies that is isogenous to w(U') x L', and hence is plurisimple. □ 
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4.3 Subgroups of Weil restrictions of plurisimple groups. 
From subobjects to quotients 

We let F/K be a Galois extension and fix a group variety G over F. In this 
subsection we study the question whether there exists a surjective homomorphism 
v : G — > G' ®k F onto a group variety of positive dimension with model G' over 
K. We shall solve this problem using the Weil restriction of G for the case when 
[F : K] — 2. At first glance this seems surprising, because the Weil restriction deals 
with subobjects: it "controls" morphisms from a variety definable over K with tar- 
get G. In contrast to this, we ask whether there are morphisms from G to a variety 
definable over K. The answer throws a new light on Weil restrictions and is also 
the final ingredient for the proof of Theorem 12.3.51 in the next section. Although the 
theorem involves real-analytic Lie groups, the proposition and its proof are purely 
algebraic. 

Proposition 4.3.1. Suppose that [F : K] — 2 and let G be a group variety over F. 
Let H' be a proper algebraic subgroup of Mk/f{G) an d assume that Pg(H) = G for 
H = H' ®k F . Then there exist a group variety G' of positive dimension over K 
and a surjective homomorphism v : G — > G' ®k F such that t>* (pg|h) = v op G | H is 
defined over kE 

It is easy to see that a homomorphism v : G — > G' ®k F leads to a proper 
algebraic subgroup H 7 of the Weil restriction Af = Nf/k(G). Namely, letting A' be 
the proper algebraic subgroup J\f(id.)(G') of the Weil restriction of G' ®x F, one 
can set H' = u^ 1 (A')g The proposition thus states the converse of this observation. 
It asserts that the existence of a proper algebraic subgroup H' is indeed sufficient 
for the existence of a homomorphism v. 

4.3.1 Three auxiliary lemmas 

The proof of the proposition is unfortunately lengthy and divided into three auxiliary 
lemmas (Lemma 14.3.21 Lemma [4.3.61 and Lemma [4. 3. 8p . 

Lemma 4.3.2. Assume that G is a product Y\!j=i °f k > 2 simple algebraic 
groups Gj of respectively positive dimension. Let H' be a proper algebraic subgroup of 
Nk/f{G) = H k j=1 J^F/K(Gj) and suppose that p G (H) = G for H = H' ® K F. We as- 
sume that 5(H) is even and that H' projects surjectively onto ftf 2 = Yi2=i-^' F / K (^'j)- 

1. There exist a group variety G' of positive dimension over K and a surjective 
homomorphism v : G — > G' ®k F such that v*(pg|h) is defined over K . 

2. There are distinct i,j = l,....,k with the property that G, is isogenous to the 
conjugate Gj. 

2 The notion of "being defined over K" was explained in Lemma l3,2.2l 
3 The symbol "J\f(v)" has been defined in Sect. 3.4. 
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Recall that the identification J\f K / F (G) = Yl^i-^F/KiGj) is justified by Lemma 
13.5.51 Since this and the next two lemmas are situated in the same setting, we shall 
fix some symbols before going into the proof. As long as not otherwise stated, they 
will be used throughout this subsection. 

Table of symbols used during the proof 

h the generator of Gal(F\K) 

G a product Ylj=i of simple algebraic groups 

Af =A/>^(G) = n- = iA/>/x(G,) 

M = Af F/K (G 1 ) 

A/" 2 =n- =2 A/>/x(G,). 

fij for j — 1,2 the projection H' — > Afj 

XJ'j = ker fij 

Uj- = UJ ®x A 

The symbols A/2, Uj and XJj are not well-defined unless k > 2. By way of contrast, 
below we will also treat the case when k — 1. In this situation we shall denote by 
A/2 the finite group variety e' = spec A' and let, for j = 1,2, fij be the unique 
homomorphism from H' to e' over A. Then U'- and Uj are defined as in the table. 



Proof of Lemma U^KR We begin by verifying Statement 1. The proof is divided into 
several claims. 

Claim 4.3.3. The kernel U' 2 has dimension zero. 

Proof. The variety Af\ ®k A is a product of two simple algebraic groups over A. 
Since H' is proper in Af and as /i 2 is surjective, U' 2 is a proper algebraic subgroup 
of A/j.. Hence, if U 2 has positive dimension, then <5(U' 2 ) = 5(U 2 ) = 1. On the other 
hand, as [A : A] = 2, the 5-invariant of A/2 ®x A is even. It follows from the 
additivity of the 5-invariant that if has positive dimension, then 5(H) is odd. We 
infer the claim by contraposition. □ 

If H2 is surjective and if U' 2 is finite, then there exists an isogeny \i : Af — > Af 
with the property that V = /i(H') is the graph of a homomorphism w' : A/2 — > Af\ 
over A. Namely, we have 

U 2 = H / n(Mx{e A r 2 })=U"x{e A r 2 } 

with an algebraic group U" C Af\. If U' 2 is finite, then there is an integer k such that 
[fc]^/i(U") = 0. Hence, if we take \i = [k]^ x id., then V fl (A/i x {e_A/ 2 }j is trivial. 
In this situation V is the graph of a homomorphism w' as claimed. 

Claim 4.3.4. For the proof of the lemma one can assume without loss of generality 
that fi is the identity. 
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Proof. Let V = yu(H') and let u : G — > G be the isogeny u = [k] Gl x id. Since the 
^-invariant depends only on the isogeny class, 5(V ®k F) = 5(H) is even. Moreover, 
with the above choice of /i and as G = Gi x [^=2 ^i' we nave 

Pg(V) = (p G ° /x) (H) = (n o PG ) (H) = U (G) = G. 

So, after we have constructed a homomorphism u such that f*(pc|v) is defined over 
K, we can replace v by u o w and establish in this way the assertion for H. □ 

We will suppose that [l is the identity map and shall write w for w'®kF. Recalling 
Corollary 13.5.31 we consider then closed points 

£= (fc,ef),.,(6,S))eH'. 

bmce N 2 ® K F = n; =2 (Gj x GJ), there are, for each j = 2, fc, algebraic homo- 
morphisms u>j : Gj — > Gi and u,- : Gj — > G\ such that 

k k 

6 = (pg, o w ) (o = e ^(o) + e «j (©)■ 

3=2 3=2 

Hence, for all closed points £ G H' we have by (3.1.1) 

k k / k \ h 

3=2 3=2 Vi=2 / 

Claim 4.3.5. The homomorphism u : H — > Gi defined by 

k 
3=2 

/or a closed point ( e H is surjective. Moreover, there exists a j = 2, ...,k such that 
the homomorphism Vj is not trivial. 

Proof. Since Gi is simple, it suffices to show that 0. But if u = 0, then Pg(H) 
is contained in the proper subgroup of G defined by the relation £i = J2j=2 w j(£j)- 
This contradicts the hypotheses of the lemma. So, m / 0. The second statement is 
a direct consequence of the first and (4.3.1). □ 

We define the homomorphism 

(k k 
£i-E^&)>E^ 
3=2 3=2 

It holds that h = h' 1 because [F : K) — 2. So, it results from (4.3.1) that u*(pg) 
maps closed points ( 6 H' to closed points £ A/Wbt(Gi). Since the set of 

closed points cZ(H') is Zariski-dense in H', this implies that f*(pc) = ( u *(pg)) ■ It 
follows from Lemma 3.2.2 that f*(pc) is defined over If. So, if v is surjective, then v 
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is as required for Statement 1. On the other hand, if v is not surjective, then Claim 
14.3.51 implies that pc 1 o v o p G = u is surjective. Therefore, the algebraic subgroup 
U' = (v op G )(H') of Mi has positive dimension. Proposition 4.2.2 teaches that N\ 
is plurisimple, and it results from Lemma 4.1.1 that U' admits a complement V in 
M\. Hence, if v is not surjective, then we can replace v by the composition of v with 
the quotient map Afi ®k F — > (A/i/V) ®k F, and receive a homomorphism as 
required. The first statement follows. And Statement 2. results directly from Claim 

E33J □ 

Next we prove 

Lemma 4.3.6. Assume that G is a product Y\!j=i of simple algebraic groups Gj 
of respectively positive dimension. Let H' be a proper algebraic subgroup of Nk/f(G) 
and suppose that Pg(H) = G for H = H' ® K F. If k = 1 or if k = 2 and 5(H) = 3, 
then there exist a group variety G' of positive dimension over K and a surjective 
homomorphism v : G — > G' <8># F such that G' ®k F is simple over F and with the 
property that v* (j>g|h) — v o p G | H is defined over K. 

Proof. If k = 1, then H = Ui = U 2 and 5(H) = 5(G) = 1. So, pg|h must be an 
isogeny. Any isogeny v : G — > H such that v °£>g|h is multiplication with an integer 
satisfies the requirement with G' = H'. 

If k > 2 and 5(H) = 3, then we fix a j = 1, 2. If U^- is finite, then H' is isogenous to 
/ij(H'). As a result, H is isogenous to /^j(H') ®k F. In this situation we would have 
5(H) < 2. It follows by contraposition that Uj is infinite. Moreover, if /Xj(H') is a 
proper algebraic subgroup of Afj, then we replace G by Gj and H' by /ij(H'), and 
reduce this way to the situation when k = 1 and 5(H') = 1. Since this was treated 
above, we receive the first part of the following claim. 

Claim 4.3.7. 1. For the proof of the lemma we may suppose that fij is surjective 
and Uj is infinite for each j = 1,2, . 

2. If the reduction from the first statement holds, then 5(H') = 3@ 

Proof. We only have to show Statement 2. Since H' is a proper algebraic subgroup 
of J\f, it follows from the surjectivity of fi2 that U' 2 / M x { e N 2 }- So, 5(U' 2 ) = 
5(U 2 ) = 1. The same argument yields that 5(U^) = 5(Ui) = 1. Moreover, as the 
intersection fl U 2 is trivial by definition, the two algebraic groups x and 
TJ'i + U' 2 C H' are isogenous. And the same argument yields that the two algebraic 
groups Ui x Ui and Ui + U 2 C H' are isogenous. Therefore, 

5(U , 1 + U' 2 ) = 5(Ux + U 2 ) = 2. (4.3.2) 

From the additivity of the 5-invariant we deduce then 

5(H'/(Ui + U' 2 )) < 5(H/(Ui + U 2 )) =3-2 = 1. (4.3.3) 

Statement (4.3.3) implies that Ui + U 2 ^ H. Hence, Ij; + U' 2 ^ H' and 

1<5(H7(U' 1 + U 2 )). (4.3.4) 

4 By Proposition 4.2.6 H' is plurisimple. And a priori we have 5(H') < 5(H) = 3. 
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We deduce the claim from Statements (4.3.2)- (4.3.4). 



□ 



Let U = kerp G \n and recall that we suppose that k = 2 and 5(H) = 3. There are 
two possibilities: 

1. U coincides with its conjugate XJ h C H. Then 11 = 11' ®k F with an algebraic 
subgroup U' C Af. It results that G is isomorphic to (H'/U') ®k F. To be more 
precise, there is an isomorphism u : G — > (H'/U') ®k F with the property 
that u o pq arises from the quotient map H' — > H'/U' by extension of scalars. 
The additivity of the 5-invariant implies 

5(U) = 5(H) -5(G) = 3-2 = 1. 

A fortiori, 

tf(U') = 5(U) = 1. 
This and the previous claim give 

5(H'/U') = 5(H') - 5(U') = 2 = 5(H) - 5(U) = 5(H/U). 

Thus, there is a simple quotient G' of H'/U' such that 5(G' ®k F) = 1. Let t> be 
the composition of if with the quotient map to G' ®k F. Then v is a required. 

2. U does not coincide with its conjugate U h C H. Then V = U + U h is a 
subgroup of H which coincides with its conjugate. As a result, there is a 
subgroup V C H' with the property that V = Y® K F. Since 5(U) = 1, UnU" 
is finite. So, 5(V) = 2 and 5(H/V) = 1. Moreover, as U = kerp G \ H) it follows 
that 5(p G (V)) = 5(U h ) = 1. Consequently, 

5(H/V) = 1 = 2-1 = 5(G) - 5(p G (V)) = 5(G/p G (V)). (4.3.5) 

Recall that restricts to a surjective homomorphism H — > G. Taking quo- 
tients, we receive a surjective homomorphism 

u:E/V — >G/p G (V). 

Because of (4.3.5) the homomorphism m is an isogeny. We choose an inverse 
isogeny v with the property that vou is multiplication with an integer A;. Next 
we let p : G — )> G/pc(V) and g' : H' — >■ H'/V be the quotient maps, and 
write q = q' ®k F. Then v o u o p G | H = q o [A;] H is defined over Hence, 
w = v o p is a required. 

The lemma is proved. □ 

The final lemma in our trilogy is derived by considering subcases. 

Lemma 4.3.8. Assume that G is a product Yl* =1 Gj of simple algebraic groups Gj 
of respectively positive dimension. Let H' be a proper algebraic subgroup of Mk/f{G) 
and suppose that Pg(H) = G for H = H' ®k F . If 5(H) is odd, then there exist 
a group variety G' of positive dimension over K and a surjective homomorphism 
v : G — > G' ®k F such that G' <S>k F is simple over F and with the property that 
^(pgih) = v op G |H is defined over K. 
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Proof. Because of the previous lemma we may assume that k > 2. We consider 
three subcases: 



If k > 2 and if U' 2 is finite, then U2 is finite and H is isogenous to H* = yU 2 (H') ®k F. 
Hence, 5(H*) = 5(H) and 5(H*) is odd. Since [K : F] = 2, 5(Af 2 ® K F) is even. 
It follows that H* is a proper algebraic subgroup of A2 <8>k F. Replacing G by 
G* = Ylj=2 and H' by // 2 (H'), we infer the statement by induction on k. 

If k > 2 and if U 2 = A/i x {e^}, then H* must be a proper subgroup of Af 2 for 
otherwise H' would not be a proper subgroup of Af. As 5(A/"i <S>f K) = 2, we find 
that 

5(H*) = 5(H) - 5(A/"i ®^ F) = 5(H) - 2. 

So, 5(H*) is odd and H* is a proper subgroup of A/2 ®ic -F- Replacing G by 
G* = rij=2 and H' by /x 2 (H'), we deduce the claim by induction on k. 

There is one subcase left: Assume that k > 2 and that U' 2 is infinite, but a proper 
subgroup of Af\ x {e^}. Recall that Af = Y^j=i-^F/K{Gj) and consider the subgroup 
H' 2 C Mf/k{^2) arising from projection of H' C Af to A/f/.r-(G 2 ). There are two 
possibilities: 

1. H' 2 is a proper algebraic subgroup of Mf/k^^)- Then H' 2 cannot be finite for 
otherwise Pg|h would not be surjective. So, H' 2 is an infinite proper algebraic 
subgroup A/f/k(G 2 ). Replacing G by G 2 and H' by H' 2 , we reduce to the case 
k = 1 and 5(H) = 1 which was treated in the previous lemma. 

2. H' 2 equals A/f/a-(G 2 ). Then we write A/ 2 * for Af F /K{G 2 )- We replace G by G x x G 2 
and H' by its image V in Af\ x A/J arising from the projection. Moreover, we 
replace /x 2 : H' — > Af 2 by the projection \i\ : V — > Af 2 *. Let then V = V® K F 
and observe that U' 2 = ker /i 2 is canonically isomorphic to the kernel of /i 2 . The 
assumptions of our last case imply that 5(U2) = 1. As a result, 

5(V) = 5(U 2 ) + 5(A/" 2 * ® K F) = 1 + 2 = 3. 

In other words, we have reduced ourselves to the case treated in the previous 
lemma. 

Everything is proved. □ 



4.3.2 Proof of the proposition. Two corollaries 

The three lemmas imply the main result of this section. 

Proof of Proposition \4-3-T\ Because of Proposition 4.2.1 we may assume that the 



commutative group variety G from the statement of Proposition 14.3.11 equals the 
maximal plurisimple quotient G = G/G ps . Then G is isogenous to a product 
n,=i Gj of simple algebraic groups Gj of respectively positive dimension. Since 
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the 5-invariant is constant on an isogeny class, the proposition is then reduced fur- 
ther to the case when G equals Yl^i Gj. ^ n other words, we have reduced ourselves 
to the setting of the three lemmas above. If in this situation 5(H) is even and if /z 2 
is surjective, then k > 2 and the proposition follows from Lemma 14.3.21 If 5(H) is 
even and if /z 2 is not surjective, then k > 2 and there are three possibilities: 

1. The algebraic group U' 2 = ker ^2 is finite. Then H' and /i2(H') are isogenous. 
We replace G by G* = Ylj=2 Gj an d H' by yU 2 (H'). The proposition is then 
deduced by induction on k. 

2. The algebraic group U' 2 equals Mi x {e/v 2 }. Then, letting H* = /^(H') ®k F, 
5(H*) = 5(H) — 5 (Mi ®k F) = 5(H) — 2 is even and we infer the proposition by 
induction on k as in the first case. 

3. The algebraic group U' 2 is infinite, but a proper subgroup of Mi x {ev 2 }. Then 
5(H*) = 5(H) — 5(U 2 ) = 5(H) — 1 is odd, and we infer the proposition using 
Lemma 14.3.81 

So far, we have shown the proposition in the case when 5(H) is even. Finally, if 5(H) 
is odd, then the proposition follows from Lemma 14.3.81 □ 

Let G be a commutative group variety over F and let w : G — > Ylj =x Gj be a 
maximal homomorphism. 

Corollary 4.3.9. Assume the situation of the proposition. Suppose that, with no- 
tations as in the proposition, for each v such that u*(pg|h) defined over K the 
image imv = G' gJjc F is not simple. Then there are distinct i,j = 1, k with the 
property that Gj is isogenous to Gj. 

Proof. As was observed in the proof of the proposition, we may suppose that w is 
the identity. Moreover, we may assume that, for all j = 1, k, w(H') = H' projects 
surjectively onto ■A/f/a _ (Gj). For otherwise we can reduce to the situation where 
k = 5(H) = 1, and Proposition 14.3. ll yields then a homomorphism v with necessarily 
simple image. 

We will adopt the notations from the proof of the three lemmas and the proposition. 
If the image of /i 2 is not surjective, then k > 2 and we replace G by G* = nj=2 ^3 
and H' by /^(H'), so that the assertion follows by induction on 5(G). Thus, we will 
suppose that ^2 is surjective. If ker /x 2 has dimension zero, then 5(H) is even and the 
assertion follows from Lemma 14.3.21 If U' 2 = ker /i 2 has positive dimension, then, as 
Hi is surjective and H' is proper, U' 2 is a proper algebraic subgroup of M\ x {e/v 2 } 
of the form U" x {e^}. The resulting quotient group H = H/U' 2 is the graph of a 
non-trivial quotient map w : M2 — > Mi/XJ" over K. Hence, for j = 2, k there are 
algebraic homomorphisms Wj,Vj : Gj — > (Mi/U") ®k F, not all trivial, such that 

k k 
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for each closed point 

{= ((6, £ 2 %-, eAf 2 . 

Recall that Gj is a simple algebraic group for all j = 2, .., k. So, a homomorphism 
resp. Vj is non-zero if and only if it is an isogeny. Furthermore, the two simple 
subgroups V = Gi x {e G h} and U = U" ®k F oi J\f ® K F are distinct for V 7^ V' 1 , 
whereas U = U h . Hence, they have finite intersection. Consequently, if there is a 
j„ = 2, k such that Wj t 7^ 0, then Wj f is onto, is surjective. As (A/i/U"j ®k F is 
isogenous to Gi via the map 

Gl Gl x {e G ,} ^ (M/U') ®^ F, 

the corollary follows by choosing % — 1 and j = j„. On the other hand, if always 
Wj f = 0, then Statement (4.3.6) implies that there is a = 2, k such that % 7^ 0. 
Replacing by Vj t in the last argument, we infer the corollary in this situation. 
Everything is proved. □ 

From Lemma 14.3.81 one also gets 

Corollary 4.3.10. Assume the situation of the proposition. Suppose that, with 
notations as in the proposition, for each v such that v*(pg|h) is defined over K the 
image imv = G' ®k F is not simple. Then <5(H) is even. 

4.4 Proof of the main criterion for descent and weak de- 
scent. Two corollaries 

We denote by F a subfield of C and set K = FfWL. It is assumed that F is stable with 
respect to complex conjugation and that [F : K] — 2. We let G be a commutative 
group over F and consider a non-zero real-analytic one-parameter homomorphism 
^ with values in G(C). The assertion of the main criterion for (weak) descent to K 
(Theorem 12.3.51) is that the homomorphism \1/ descends (weakly) to K if and only if 
H, the Zariski-closure of has dimension equal dim G (resp. is a proper algebraic 
subgroup of G x G' 1 ). 

Proof of Theorem \2.3.5[ Let M = Mf/k{G). By Corollary 3.3.3 the homomorphism 
takes values in jV(R). As the morphism : A/"(C) — > A/"(C) from Sect. 2.2 
fixes real points (see Sect. 2.3), we find that = (^x(R)) h . So, H = H\ It 

follows that H admits a model H' C M over K. 

If dim H = dim G then w = Pg|h is an isogeny. Any isogeny v : G — > H such 
that v o w is multiplication with an integer is then as required in the definition of 
descent to K. This shows the first part of the theorem. 

The assertion concerning weak descents has an easy and a more difficult direction. 
The easy direction is the if-part. Namely, if there is a homomorphism v : G — > 
G' ®k F onto an algebraic group of positive dimension such that u*(^ r )(R) C G'(R), 
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then W = W for W = G' ® K F. As the morphism : G'(C) — ► G'(C) fixes real 
points, we find that 

= p*o<u*(*) = 

Hence, the image of (v^(^f))^. is contained in the the set of real points of the diagonal 
A = N{id.){G') ®^FcWxW = WxW h = M F/K iy) ®k F. 

So, H C i>jy(A) is a proper algebraic subgroup in G x G\ The easy direction is 
shown. 

We proceed to the proof of the more difficult direction which rests on the results 
from the two previous sections. To this end, we let H' be as in the previous proof 
and let 7r : G — > G be the universal homomorphism. Proposition 14.2. ll teaches that 
V = 7r/v(H') is a proper algebraic subgroup of Mf/k{G). Since p^ o (7^ ®k F) = 
7T o p G) we have G = Pq(V) for V = V ®k F. So, Proposition 14.3.11 applied to V 
implies then the only-if-part in Theorem 12.3.51 Theorem 12.3.51 follows. □ 

In the definition of weak descent to K (see Sect. 2.3) one can assume that the 
target group G' is simple over K. For if G' is not simple, then G' admits a simple 
quotient of positive dimension and one may replace v by the composition of the 
quotient map with v. According to Lemma [3.6.2^ if G' is simple, then G' ®x F is 
either simple over F or it is isogenous to a product UxU 1 " with U a simple algebraic 
group over F. In view of applications, it is important to examine when the first 
possibility can be achieved. 

Example 4.4.1. Let A be a simple complex abelian variety of positive dimension. 
Assume that A is neither isogenous to its conjugate nor to an abelian variety de- 
finable over M. and let i\) : R — > A(C) be a non-zero real-analytic homomorphism. 
We know from the last chapter that the homomorphism ^ = ipj^ to (A x A h )(C) 
descends to M. On the other hand, the assumptions on A imply that there is no 
algebraic group G' over K of dimension < dim G' < dim AxA h such that G' ®k C 
is a quotient of A x A\ Hence, $ cannot descend weakly to M via a simple quotient 
G'® R C. 

Situations similar to the one in the example will appear frequently in applications, 
and the corollaries below are designed to deal with them. As in Theorem 12.3.51 we 
assume that F is stable with respect to complex conjugation and that [F : K] — 2. 
We consider a homomorphism to G(C) and let H be the Zariski-closure of \P/v(R) 
over F. Let v : G — > Yli=j be an arbitrary maximal homomorphism. 

Corollary 4.4.2. If H is a proper algebraic subgroup of G x G h , then ^ descends 
weakly to K via a simple quotient G 1 ®rF unless there are two distinct i,j = 1, k 
such that Gj and the complex conjugate of Gj are isogenous. 

Corollary 4.4.3. If 5(H) is odd, then $ descends weakly to K via a simple quotient 
G'® K F. 

These two consequences follow from Corollary 14.3.91 and Corollary 14.3.101 
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Chapter 5 

Inherited descent 



This chapter is devoted to the proof of Theorem 12.4.21 and Theorem 12.4.31 We first 
formulate two algebraic results which, morally speaking, form the skeleton of the 
two theorems. Then, in the third section, we show Theorem 12.4.21 and Theorem 
12X31 

5.1 Inhertited K-structures 

We let F/K be a Galois extension of fields of degree [F : K] = 2 and denote by h 
the generator of Gal(F\K). We consider a surjective homomorphism tc : G — > U 
of group varieties over F. The first proposition arises in the context of inherited 
descents. 

Proposition 5.1.1. Assume that there is an algebraic group G' over K such that 
G is the extension G' ®kF to scalars over F . IfHom.(ker tt, U h ) is a torsion group, 
then there is an algebraic group U' over K and an isogeny v : U — > U' ®k F with 
the property that t>*(7r) = v o tt is defined over K . 

We recall once again that by Lemma [3.2.21 the homomorphism v*(tv) = v o tt is 
defined over K if and only if v*(tt) = (v*(tt)) • 



5.1.1 Table of symbols used during the proof 



M 


= Mf/k{G) 


i 


= %' ® K F 


A/-(U) 


= N F/K {V) 


H 


= H' ® K F 


L 


= ker tt 


H' L 


= H' n A/"(L) 


Af(L) 


= Nf/k(L) = kern^f 


H L 


= Hl ®k F 


a 


= Af(id.), the horn, from G' to M 


V 


= T^M ®K F 


H' 


= i'(G') 


Q 


= 7T*(Pg) = TT 



Note that pc ° % is the identity of G, so that pq|h is an isomorphism. 
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5.1.2 Two auxiliary lemmas 

The proof of the proposition is divided into two lemmas. 

Lemma 5.1.2. With notations as above the equality dim Hl = dim L holds. 

Proof. We have a commutative diagram of exact sequences 

-JV(L) ® K F ^N® K F P -^N(V) ® K F 



PL 



PG 



Pi: 



-L >■ G -U 

Let W be the subgroup Hnp G x (L) of L x G\ Observe that H L C W. Our first task is 
to show that W/H L is finite. Since pg|h is an isomorphism, the restriction u = pc|w 
is an isomorphism onto its image L. The inverse map u' 1 yields a homomorphism 

/i = tc h o p Qh o u' 1 = q h o u' 1 

form L to U'\ The hypotheses of the proposition imply that /i(L) is a finite torsion 
group in U\ Since q h (W) = /i(L), we get that q h {W) is a finite torsion group 
in U h . The same holds for the image q(W) C U because W C L x G h and as 
p G (L x G h ) = L = ker ti. As p = 7Tjv ® k F = (n, 7r h )0, it follows that 

dimp(W) = 0. (5.1.1) 

Recall that 

H L = Hn (jV(L) %f) = Hn ker p. (5.1.2) 

We observed above that Hl C W. This implies together with Statement (5.1.1) and 
Statement (5.1.2) that W/Hl is finite. So, dim Hl = dim W. Moreover, since W 
isomorphic to L via Pg|w ; we get that dim W = dim L. It follows that dim Hl = 
dim L. □ 

We set V = 7r^(H'), V = V <8>k F and let w : V — > U be the restriction of pu 
to V. 

Lemma 5.1.3. The homomorphism w is an isogeny. 
Proof. We have 

dim U' = dim H' — dim (H n ker 7Tjv) (by additivity of dimension) 
= dim H' — dim H' L (by definition) 

= dim G — dim L (by the previous lemma) 

= dim U. (by additivity of dimension) 

Moreover, since the restriction pg|h is surjective, so is the composition n o j>g|h- 
Recalling that pu o p = tt o p G) it follows that w is surjective. This and the above 
identity of dimensions imply the lemma. □ 



^^For the meaning of "(71-, 7r fe )" compare (4.2.1). 
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5.1.3 Proof of the proposition 

We define v' = -kj^ o %' and v = v' ®k F . Then v 1 is a homomorphism from G' 
to V C A/"(U). Finaily we choose an isogeny v : U — > V such that v o w is 
multiplication with an integer k. Recalling that n o p G = p v o p and that pc ° i is 
the identity on G, we calculate then 

V*(ir) = V O IT = V O (7T o p G ) o i 

= «o (pu o p) o i = v o pu o (p o i) 

= VOp\]OU = VOWOU = [k]y O V. 

Hence, is v*(ir) = [k]y o v defined over K. Letting U' = V, v is then as required. 



5.2 Inherited weak K-structures 



The next proposition is related to weak inherited descents. The setting is the same 
as in the previous section. 

Proposition 5.2.1. Let H' C N"k/f(G) be a connected algebraic subgroup and set 
H = H'® K F. If dim H < dim G+dim U and z/Hom(U h , M) = {0} for each quotient 
M ofker7r, then there is an algebraic group U' of positive dimension over K and a 
surjective homomorphism v : U — > U' <S>k F with the property that v*(n o £> G |h) is 
defined over K . 



5.2.1 Table of symbols used during the proof 

We start by fixing the most important symbols. They are quite the same as in the 
previous proof and repeated here for the convenience only. 



M =M F/K {G) 

Af(U) =M F/K {V) 

L = ker ir 

Af(L) = Af F/K (L) = ker 

H =R'® K F 

H' L = H' n Af(L) 



H L =R' L ® K F 

p = vr^ ® K F 

q = tt*(pg) = 7!-op G 

V = tw(H') 

V = V ®k F 



5.2.2 An auxiliary lemma 

We begin the proof of the proposition with an auxiliary result. 
Lemma 5.2.2. IfV =Af(\J), then p L (R L ) = L. 

59 



Proof. If V = A/"(U), then 7r/v(H') = A/"(U). Consider the commutative diagram of 
exact sequences 

A/"(U) (8)k F 







H 



H 



>-N{L) ® K F >j\f® K F- 



id. 



® K F -0 



PL 



PG 



PI i 







L 



G 



U 







Let L = L/p L (H L ), G = G/pg(Hl) and H = H/H L . Taking quotients, we receive a 
commutative diagram 







H 



L^G- 



■JV(U) ® K F 



PV 



u 



Observe that w is an isomorphism and let 

s : U — ► J\r(U) ® K F = U x XJ h and s h : U h — ► JV(U) ®x F 

be the natural inclusions onto the first and second factor. Then o~i — v o iir 1 o s 
is a section of 7f, so that <Ti(U) fl j(L) = 0. Hence, the lower sequence in the last 
diagram splits and there exists a homomorphism \i : G — > L such that \i o j is the 
identity and with the property that fi o cr 1 is trivial. Since the restriction p G | H is 
surjective, so is v = Pg|h- Write ff 2 = fio o s h . As t> is surjective, we get 

a 1 (U) + a 2 (U' i ) = (vow- 1 )(Af(U) ® K F) = f (H) = G. 

Recalling that ci(U) H j(L) = 0, we infer that (// o 02) (IP) = L. The hypotheses 
of the proposition applied to M = L yield \x o o"2 = 0. Hence, L = 0. The claim 
follows. □ 

5.2.3 Proof of the proposition 

Assume that V = A/"(U). The assumptions of the proposition imply that 

dim L + dim Af(V) = dim L + 2 dim U = dim G + dim U > dim H'. (5.2.1) 
Additivity of dimensions yields 

dim V' = dim H' - dim H' L . (5.2.2) 
And from the last lemma it results that 

V' = JV(U) => dim H' L > dim L. (5.2.3) 
Statements (5.2.1)-(5.2.3) show that 

V'=JV(U) vv^(u). 

So, V 7^ Af(U). Proposition ^. 3. II applied to V (instead of H') completes the proof. 



GO 



5.3 Proof of the theorems about inherited descent 



Let \1/ and G be as in Theorem l2.4.2l Then there exists an isogeny v : G — > G ' ®kF 
such that takes values in G'(M). Let w : G' ' ®rF — > G be an inverse isogeny 

with the property that v o w is multiplication with an integer. Since w is etale, ^ 
factors through the map w : G'(R) — > G(C) as, say \I/ = w*fi?'). One hypopaper 
of the theorem is that Hom(A;er ir, U h ) =0. As w is finite, replacing n by ir*(w) and 
\1/ by affects this hypopaper to the effect that Hom(fcer ir%(w), XJ h ) is a (maybe 
non-trivial) torsion group. Proposition 15.1. 11 implies that (tc o w)*fi?') = 7i*(^) de- 
scends to K. Theorem l2.4.2l follows. 

For the proof of Theorem l2.4.3l we recall that H C G is the smallest algebraic sub- 
group with the property that ^/^(R) C H(C). We have seen in the proof of Theorem 
12.3.51 that H admits a model H' C Mf/k{G). With this the theorem is then an im- 
mediate consequence of Proposition 15 2.11 
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Chapter 6 



Proof of the transcendence 
theorems 

We recall the setting of our theorems. We consider a surjective homomorphism 
7i : G — > U of algebraic group varieties over an algebraically closed subfield F of 
C which is stable with respect to complex conjugation h. We let \I/ : R — > G(C) 
be a real-analytic homomorphism with Zariski-dense image and denote by t C g 
the smallest subspace over K — F n R with the property that ^ (R) C t ®k R- 
The respectively first theorem is about descents of 7r*(\I/), whereas the respectively 
second theorem deals with weak descents of 7r*(\l/). 

6.1 Preparations for the proofs 
6.1.1 Some auxiliary lemmas 

The results stated in this section do not rely on transcendence theory and will be 
used several times in the proof of the theorems. Together with Theorem 12.4.21 and 
Theorem 12.4.31 they exhibit the purely geometric input of the story. 
We set M = Nq /k (G) and n = Lie J\f. The symbol was defined in Sect. 2.2. We 
also remark that most of the lemmas hold true even if F is not algebraically closed. 

Lemma 6.1.1. The real-analytic homomorphism ^jv" : R — ^ A/"(C) has the follow- 
ing properties. 

1. The image of is contained in jV(R) and the image of (^n)* is contained 
in n(R). 

2. p G om N = m and *" 1 (G(F)) c ^j}{N(K)). 

3. (*^)^(R) = {(v,v h );«e*,(R)}. 

4- If is the complexification of^^ according to Proposition \A.l\ 
then^{G{F))d^{U{F)). 

Proof. Theorem l3.5.2l and Corollary 3.3.3 yield Statement 1. Theorem l3.5.2l and 
Corollary 13.5.31 imply Statement 2. To show the third assertion, we consider the 
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commutative diagram 

R ^ 



PG 



G(C) 



Af(R) e — -A/"(C) = (G x G h )(C) 
By Corollary 13.3.31 it induces a commutative diagram of Lie algebras 




n(R)^n(C)= ( © h )(C) 



We have n(R) = {(9, d h );d G 0(C)} by LemmaESU With this Statement 3. follows. 
We move to the fourth assertion. By Faltings-Wustholz [TT] we can choose an embed- 
ding of G into Fp. Then the real-analytic homomorphism \1/ is locally uniformized 
by tuples of power series 



I ^2a lo r l ,...,^2ai N r l J 

\/>o i>o J 



It follows then from Subsect. 3.2.1 that is locally uniformized by tuples 



Y^h(ai )r l ,... 7 ^2h( 



aw r 



Let r G R be such that %(r) G G(F). Then 

^a y (ir)7^a Zfc (ir)' G F 



z>o 



for all j = 0, A/" and all k = 0, N such that J2i>o a ki(i r Y 7^ 0. As a result, 

l>0 l>0 

Hence, (*[i])"(-r) G G h (F). So, 

<M^) = %( r ) x (* w ) h (-r) G (G x G h )(F), 
and we deduce Statement 4. 



□ 



We denote by C n the smallest subspace over K such that (^^^(R) C 
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Lemma 6.1.2. The equality dim tjy = dimt holds. 

Proof. Recall the homomorphism 

Ue(p):g(C)^g h (C),Ue(p)(v)=v h 

from Sect. 3.3 and the canonical isomorphisms 

n(C) = (g © g") (C) and n(R) = {(«, u e g(C)} 

from Lemma l3.6.1l Lemma 3.3.1 implies that Lie(p) is defined over K, that is, 
Lie(p)(g) = g' 1 where we identify g (resp.g' 1 ) with its canonical image in g(C) 
(resp. g h (C)). Together with Statement 3. in Lemma l6.1.1l we find that 

tjV ®k Kc{ (v, v h );v £t® K R} . 

The claim follows by linear algebra. □ 

The K- vector space tjv generates a linear subspace T = t/v + zijv" of n over F. We 
denote by dim T its dimension over F. 

Lemma 6.1.3. TTie vector space T /ias t/ie following properties. 

1. % is defined over F and it is the smallest subspace of n oi>er F 
which contains t/v. 

2. (*jv)*(K) CT%C. 
5. dim t = dim T. 

Proof. The first two statements are clear. We move to the third statement. Since 
^at(M) C Af(R), we have t M C n by Corollary As n G ft(n(F)), a basis of 

tjV" over X is also basis of T over i*o Together with the previous lemma we find 
dim t = dim t/v = dim T. □ 

We let H be the Zariski-closure of ^^(R) in M ®k F, that is, H is the smallest 
algebraic subgroup of Af <S>k F such that \I/jv(R) C H(C). Recall the projection 
p G :N F/K (G)® K Q^G. 

Lemma 6.1.4. The homomorphism £>g|h : H — > G is surjective and there is an 
algebraic subgroup H' C J\f with the property that H = H' ®kF and ^jv'(R) C H'(R). 

Proof. The first statement holds, because \I/ has a Zariski-dense image in G(C). Since 
\tV(R) is contained in A/"(R), we have H = H\ This has been already observed in 
Sect. 4.4. The second assertion follows. □ 

We define $^ to be the complexification of \EV according to Proposition IA. II and 
let r = rank z ^- 1 ((G(F)) +rank z ^ [i] 1 (G(F)). 

Lemma 6.1.5. The following assertions hold. 

iFor the proof of the theorems one only needs the obvious estimate "dim % < dim t." The equality will be used 
once in the proof of Corollary 7.1.19. 

2 The symbol "H(— )" has been defined in Sect. 3.3. 
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1. $at(C) C H(C) and ($a/-),(C) CT%C. 

2. rankz^^A")) > rank z *- l (G(F)) . 

3. rankz ^(JV(iO) > r. 

Proof. The first inclusion in Statement 1. is a consequence of the previous lemma. 
The second one follows from Statement 2. in Lemma r6.1.3l by tensoring with C. The 
remaining assertions result from Statement 1. and Statement 3. in Lemma f6 . 1 . 1 1 □ 

Lemma 6.1.6. Let k = rank^ ker ^ . Then k = rank^ her tyjy. 

Proof. Since (\E f (r)) h = \E fh (r) for all r 6 1, we have ker fy^f — ker This gives the 
lemma. □ 

Finally, we consider a decomposition 

G-G c x G s a y x G£> (6.1.1) 

with an algebraic group G c over F. Let Af c = N"f/k{G c ), M a = Nf/k and 
Nm — Nf/k (G mi jr). By Lemma 3.5.5 we get from (6.1.1) a product decomposition 

AT - 7V C x A/J° x (6.1.2) 

such that after base change to F the projection pc maps each of the three factors 
in (6.1.2) to the respective factor in (6.1.1). 

Lemma 6.1.7. If F is algebraically closed, then there is an algebraic group H c over 
F and a decomposition 

H^H c xG>G^ (6.1.3) 

such that: 
1- K > ga and h m > g m . 

2. h c = g c = 0. 

3. 1 > ga- 

Proof. The first assertion is the most difficult one. Since G at p and G m< F coincide 
with their conjugate varieties, Af^ a ®k F is isomorphic to a power of G a ,F and the 
base change M^ 1 <S>k F is isomorphic to a power of G m> F- We identify G with 
the group on the right hand side of (6.1.1) and let u : G — > Gf t a F x Gf^ F be the 
projection. Set R' u = m^(H') and define H n = R' u ®k F. These two algebraic 
groups are linear. Moreover, since A/J a is unipotent and as N^ 71 is a torus, we have 
H u = L a x L m with algebraic subgroups L Q C A/| a ®k F and L m C A/",| m F. As 
F is algebraically closed, L a is isomorphic to a power G\ a F and L m is isomorphic to 
a power G^"p. Set w = ®k F and recall that pq respects the decompositions in 
(6.1.1) and (6.1.2). So, since u o p G = p^i a xGf^-) ° w i it follows that 

h a > ga and h m > g m . (6.1.4) 

In the next step we show that there is a section a : H u — > H. To prove the existence 
of a, let H; be the maximal linear subgroup of H. Taking quotients, we obtain a 
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surjective homomorphism w : H/H; — > H u /w(Hi). By the theorem of Chevalley 
the quotient H/H; is an abelian variety. In contrast to this, H„/u>(H;) is linear. So, 
w = and H u = w(H/). It follows now from Serre [30j Ch. VII, 6., Lemma 2] that 
the restriction admits a section r. Composing r with the inclusion of Hz into 
H, we receive a section a. In the last step we define H c = H/<t(Hl). Using a we get 
a decomposition 

H ~ H c x a(L a x {e m }) x a({e a } x L m ). 

as in (6.1.3). Statement 1. follows from (6.1.4). Statement 2. concerning h c and g c 
is clear from the construction. We move to the last statement. The proof is by way 
of contradiction. Assume that g a > 2 and consider the projection u : G — > G^V 
Then w*(\I/) has no Zariski-dense image in G| a (C), and \l/ has no Zariski-dense image 
in G(C). This is a contradiction to the assumptions. Hence, g a < 1. □ 



6.1.2 Table of symbols used during the proof 

For the convenience of the reader we list all important symbols appearing in the 
proof of the theorems once again. 

F an algebraically closed subfield of C, stable with respect to h 

K = Fnl 

7i a surjective homomorphism from G to U 

g the Lie algebra of G 

u the Lie algebra of U 

\1/ a real-analytic homomorphism to G(C) 

r = rankz^-^GOF)) + rank z ^ (G(F)) 

k = rankz ker \l/=rankz ker (Lemma I6.1.6P 

t C £j the smallest subspace over K with the 

property that #*(R) C t <$ K R 
AT =ATq /k (G) 
n = LieAf 

tjKf C n the smallest subspace over K such that 

(*jv)*(K) CW%R 
T = i N + itv C n(F) 

H' C M the Zariski-closure of ^^(R) over K 
H = H' ® K F 

the complexification of 

6.2 Proof of the two theorems about transcendence 
6.2.1 Proof of Theorem [2HH] 

We let F = Q and consider a decomposition G ^ G r x G ga -=-, G gm -=-. We assume that 

(r - 2) • dim G > 3 - (2g a + g m ) - k. (6.2.1) 
With notations as in Lemma [6. 1.71 we have 
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Lemma 6.2.1. If dim H > dim G ; then 

(dim H - 1) • r - 1 > 2 dim H - (2h a + h m ) - k. 

Proof. We suppose that s = dim H — dim G > 1. We have k < 1 for otherwise ker \l/ 
would not be discrete in IR. Moreover, g a < 1 by Lemma 16.1. 71 This and (6.2.1) 
yield that r > 2. Hence, we get from (6.2.1) 

(r - 2) • (dim H - 1) = (r - 2) • (dim G + s - 1) > 3 - (2g a + g m ) - k. 

And Lemma [6 . 1 . 71 implies that h a > g a and h m > g m . This yields the claim. □ 



Theorem ll.l.l[ Lemma 16.1.51 and Lemma 16.2.11 imply that if dim H > dim G, 
then $a/" has no Zariski-dense image in H(C). By contraposition we infer that 

dim H < dim G. (6.2.2) 
Lemma 6.2.2. The homomorphism Pg\k is an isogeny. 

Proof. As follows from Lemma 16.1.41 Pg|h is surjective. This and Statement (6.2.2) 
imply that dim H = dim G. Hence, pg|h is an isogeny. □ 



It results that \I/ descends to K via an isogeny v : G — > H = H' ®k F with 
the property that v o pg|h is multiplication with an integer. Finally we recall our 
technical assumption that Hom(fcer it, XJ h ) = {0}. Theorem 12 .4 . 2 1 implies that Tr*(fy) 
descends to K. 



6.2.2 Proof of Theorem 12.5.21 and Remark 12X51 
Proof of the theorem 

By assumption G is decomposed as G ±2 G c x x G^™^ and the estimate 

(r - 2) (dim G + dim U) > r - (2g a + g m ) - k + 1 (6.2.3) 

holds. Lemma 16.1.71 implies the existence of an induced decomposition of H as in 
(6.1.3). As in the proof of Lemma [6.2.11 one shows 

Lemma 6.2.3. //dim H > dim G + dim U, then 

(dim H - 1) • r - 1 > 2 dim H - (2h a + h m ) - k. 

Theorem 11.1.11 Lemma 16.1.51 and Lemma 16.2.31 yield the inequality dim H < 
dim G + dim U by contraposition. Since we assume that Hom(U h , M) = {0} for 
each quotient M of kern, it follows then from Theorem 12.4.31 that 71"* (\&) descends 
weakly to K. This proves the theorem. 
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Proof of the remark 



We may assume that the decomposition G c x x is such that the dimensions 
g m and g a are maximal, whereas g c is minimal. So, if G is linear, we have 2 dim G — 
(2g Q + g w ) = g m . Replacing «-(2g + g m )" by "-(2g a + g m + dim U)" in (6.2.3), 
we get 

r • (dim G + dim U - 1) - 1 > g m + dim U - k. (6.2.4) 

Furthermore, the Weil restriction of G is linear, too. A fortiori, H is linear and 
Lemma 6.1.7 yields 

h m = 2 dim H — (2h a + h m ). (6.2.5) 

Let L = fcerpQ|H and write l m for the dimension of the multiplicative factor of L. 
Because of Lemma 6.1.4 we have a short exact sequence of linear groups 

— >L — >H^>G — ► 0. (6.2.6) 

It follows from Serre [30j Ch. VII, 6., Lemma 2] that h m = g m + l m . Setting s = 
dim L — dim U, we infer 

h m < g m + dim U + s. (6.2.7) 

We can now complete the proof of the remark: We have dim H = dim G + dim U + s 
and the assumption of the theorem is that dim H > dim G + dim U. So, s > and 
Statement (6.2.4) yields 

r • (dim G + dim U + s-l)-l>g m + dim U + s - k. (6.2.8) 

This and Statements (6.2.5)-(6.2.7) lead to the estimate 

r ■ (dim H - 1) - 1 > 2 dim H - (2h a + h m ) - k. 

The result follows then the same way as above. 



6.3 Proof of the two theorems about algebraic independence 
6.3.1 Proof of Theorem 12.5.41 

The proof of Theorem 12.5.41 goes along the same lines as the one of Theorem 12.5.1} 
except that instead of Theorem ll.l.ll we use Theorem ll.1.21 We saw in Subsect. 6.2.1 
that it suffices to show that the Zariski- closure H' of \I//\/(IR) in A/" = Mf/k{G) has 
dimension dim H' < dim G. We begin the proof by recalling some hypotheses. The 
symbol F denotes an algebraically closed subfield of C which is stable with respect 
to complex conjugation and with transcendence degree < 1 over Q. We consider a 
decomposition G ^ G c x G^f x ^fnF anc ^ assume that 

(1 + k)r • (dim G - dim t) + kr > 2g c + — ^— +g m + 1 + 5. (6.3.1) 

gc + 1^ 

=: 7 ' 
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Here g c = dim G c and 

r f 1 if ga > and dim t = 1 
1 otherwise 

It is clear from the estimate in (6.3.1) that we may suppose that g a , g m are maximal 
and g c is minimal under all possible decompositions of G as above. We then define 
7 = 1 if gc ^ and 7 = if g c = 0. Note that if g c ^ then < 7' = ^ < 1. 
(6.3.1) is an estimate between integers. Hence, (6.3.1) holds with 7' (in its original 
form) if and only if it holds with 7' replaced by 7. In other words, we may replace 
(6.3.1) by 

(1 + k)r ■ (dim G - dim t) + kr > 2g c + g m + 1 + 7 + 5. (6.3.2) 

Next we show 

Lemma 6.3.1. The estimate (1 + k)r > 2 holds. 

Proof. We have g a < 1 by Lemma [6. 1.71 Using this and (6.3.2) we get the estimate 

(1 + k)r • (dim G - dim t) + kr > dim G. 

If (1 + k)r < 1, then kr = and dim G — dim t > dim G. But this contradicts the 
fact that dim t > 0. Hence, (1 + k)r > 2. □ 

We recall that Ten denotes the smallest linear subspace over F with the 
property that (^^/-^(C) C 1% C. We consider the product decomposition H ^ 
H c x Gj^ x G|£p from Lemma ELU 

Lemma 6.3.2. //dim H > dim G ; then 

(1 + k)r • (dim H - dim 1) - r > 2h c + h m + 5. 

Proof. Lemma 6.1.2 implies that dim X equals dim t. Moreover, g c = if and only 
if h c = by Lemma [6.1.71 Let s = dim H — dim G. For s = 1 one gets 

(1 + k)r • (dim H — dim T) — r = (1 + k)r • (dim G - dim t) + kr. (6.3.3) 

Since (1 + k)r > 2, the expression 

(1 + k)r • ( s + dim G -dim %) - r - 2(s - 1) - 1 - 7 - 2g c - g m - 8 (6.3.4) 

=dim H 

is monotonically increasing in s. Finally, a short exact sequence as in (6.2.6) gives 

2h c + h m < 2(s - 1) + 1 + 7 + 2g c + g m . (6.3.5) 

Statements (6.3.2)-(6.3.5) imply the required estimate. □ 

It results from Theorem ll.l.2[ Lemma 16.1.51 and Lemma 16.3.21 that if dim H > 
dim G, then has no Zariski-dense image in H(C). By contraposition we infer 
that dim H < dim G. As mentioned in the beginning of the proof, the theorem 
follows. 
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6.3.2 Proof of Thm.EHH] and Remark 12.5.61 



The proof of Thm. [2331 and the remark is very similar to the proof of Theorem 12.5.21 
and Remark 12.5.31 After all it is left to the reader. 



6.4 Proof of the two theorems about linear independence of 
algebraic logarithms 

6.4.1 Proof of Theorem l237fl 

We apply the notations from Sect. 6.1 with F = Q and set f} = LieH. Because of 
Corollary IA.3.31 and because of the hypotheses we may assume here and in the next 
subsection that rank^ ^l/" 1 (G(F)J > 1. Lemma [6.1.31 and Theorem ll.1.31 applied to 
T yield then T = f). In particular, 

dim1 = dimH. (6.4.1) 

The assumptions of the theorem, Lemma [6.1.31 aud Statement (6.4.1) give the esti- 
mate 

dim G = dim t = dim X = dim H. (6.4.2) 
The same way as in the proof of Lemma 6.2.2 we get 

Lemma 6.4.1. The homomorphism pg|h is an isogeny. 

As seen already twice above, the assumptions and Theorem 12.4.21 imply then that 
ir*(ty) descends to K. This is one part of the theorem. 

For the remaining part concerning the identity "dim U = dim 7r*(t)" we write 
ip = 7r*(^) and fix an isogeny w : U — > U' ®k Q such that u>* (■?/>) takes values 
in U'(R). Statement (6.4.2) and Lemma [6.4.11 yield 



Lemma 6.4.2. With assumptions as in Theorem \2. 5.7 , we have dim t = dim G. 



Consider the smallest subspace s C u = Lie U over K such that ip* (R) C s ®# R. 
Since ^*(R) C 7T^ 1 (5) %i and as ^^(s) C Q is defined over K, the minimality of t 
implies that tflTr^^s) = t. On the other hand, s C 7r*(t) because 7r*(t) is defined over 
K in u. Hence, s = 7T*(t). Moreover, u' = LieU' is a subspace of Lie (U' <S>k Q) over 
K. So, w' 1 ^') is defined over K. Corollary 13. 3. 3l implies that (too^^R) c u'%1. 
Thus, s C w~ 1 (u') by minimality of s. We infer that 

dim s < dim u' = dim U' = dim U. (6.4.3) 

We replace G by U, 7r by the identity morphism, ^ by ip and t by s = 71"* (t). 
Because of (6.4.3) this new setting satisfies the hypotheses of Theorem 2.9.7. Lemma 
16.4.21 implies that dim U = dim 7T*(t). This is the remaining part of the theorem. 
Everything is proved. 
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6.4.2 Proof of Theorem[MIS] 



Recall that during the proof of Theorem 12 . 5 . 71 in the previous subsection we showed 
using the Analytic Subgroup Theorem that the Zariski- closure H of ^^(R) has 
dimension < dim t. Since we assume that dim G + dim U > dim t, we get by the 
same argument 

Lemma 6.4.3. We have dim t = dim H and the estimate dim G + dim U > dim H 
holds. 

The proof of the theorem is then completed with the help of Theorem 12.4.21 as in 
the previous subsections. 
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Chapter 7 



Applications and further theorems 



We can now proceed to the long awaited applications. Throughout we will use the 
following 

Notations. We let C = exp' 1 (Q) be the Q-vector space of algebraic logarithms 
and set i = y/— 1. For a lattice AcCwe define p\ = p to be the associated Weier- 
strafi function with invariants #2 = 92(A) and g% = (A). The complex elliptic curve 
associated to A is denoted by E. By abuse of notation, we will sometimes identify E 
with its Weierstrafi model over F = Q{g2,93)- We will also identify the exponential 
map exp E with p and the Lie algebra e(C) = (LieE)(C) with C. Then the standard 
coordinate z = x + iy on C defines a coordinate of e(C) over F. And if F — F 
is stable with respect to complex conjugation, then x and y yield coordinates over 
K = F n K on e(C)0 The set of elliptic logarithms u G p (F U {00}) is denoted 
by £a- As above h is the complex conjugation and we shall write A h instead h(A). 
Note that A h has invariants h(g2), h(gs), so it is the lattice associated to the complex 
conjugate E h of E. We shall also use the Weierstrafi functions a = a^rj = t^a and 
( = (a- The most important properties of these functions are listed in Waldschmidt 
[37] . As sketched in App. B, these Weierstrafi functions uniformize linear extensions 
of E. For some applications the reader will need to have a look at the appendices, 
especially at App. B.3. 

As mentioned in the outline, in this chapter we shall not follow the historical or- 
der from the first part of the introduction anymore and begin with applications 
concerning real and imaginary parts of linear logarithms. 



1 Warning! If F is not algebraically closed, this is not true in general. For instance, if F = Q(V — 2), then y is 
not defined over K = F n R = Q. 
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7.1 Linear independence of real and imaginary parts of al- 
gebraic logarithms 

From Schneider to Masser 

Let A be a lattice in C with algebraic invariants. In 1936 Th. Schneider succeeded 
in proving the transcendence of non-zero algebraic logarithms u G £a- With the 
help of the main theorems we are able to generalize the famous result in an essential 
manner. This is the content of the next three corollaries. In this section K denotes 
the field QflK. 

Corollary 7.1.1. Let A be a lattice in C with algebraic invariants and let u G £a. 
Suppose that Zu> + A is dense in C with respect to the analytic topology. Then 
RuHQ = {0}. 

Proof. Let \P(r) = p{ur) and £ = p(u). The group Z£ G E(Q) is dense in E(C) 
with respect to the analytic topology, so that \I/ does not descend to R. On the 
other hand, the image of \I> contains an algebraic point distinct from the neutral 
element. If a G Ru; H Q ^ {0}, then *„(R) C t <& K R for t = Ka. Theorem 12X71 
implies then that \1/ descends to K, and hence to R. It follows by contraposition 
that Ru; HQ = {0}. □ 

Corollary 7.1.2. Let A be a lattice in C with algebraic invariants. Then E is 
isogenous to a curve over R if and only if there is a non-zero algebraic logarithm 
u G £a such that u/\u\ G Q. 

Proof. Let *(r) = p(-^r). If u/\u\ G Q, then #*(R) = t® x R for t = Ku/\u\ and 
\I/(R) contains a non-trivial algebraic point £ G E(Q). It results from Theorem 12.5.71 
that E is isogenous to a curve over R. Conversely, if E is isogenous to a curve over 
R, then Corollary IA.3.11 implies that E is isogenous to a curve E' over K . We may 
assume that E' is in Weierstrafi form. The associated lattice A' has real invariants 
and is stable with respect to complex conjugation. Hence, A' contains a real element 
A' 7^ 0. Thus, there is a period A G A and an algebraic number a representing an 
isogeny v : E' — > E such that a\' = A. As a result, A/|A| = a/\a\ G Q. □ 

Corollary 7.1.3. Let A be a lattice in C with algebraic invariants and let u G C\ 
be a non-zero algebraic logarithm. If Reu is algebraic, then Reu = 0. 

Proof. We define G = E x G a Q and let n be the projection to U = E. We consider 
the homomorphism \l/(r) = fp(u;r),r) to G(C). Then \I/(Q) is contained in G(Q). 
If Re to is algebraic, then there exists a subspace t C g over K of dimension 2 < 3 = 
dim G + dim U with the property that ^(IR) C t®jfl. Theorem 12.5.81 implies that 
7r*(^) descends weakly to K. And it follows from Proposition 12.3.41 that the real 
subspace Ru; of e(C) = C is defined over K. This means that Reu and Imu are 
linearly dependent over K. Now, Reu is algebraic by assumption. So, if Reu ^ 0, 
then Imu is algebraic. Hence, if Reu ^ 0, then u is algebraic. This contradicts 
Schneider's theorem (see [3"?j Thm. 20]). Therefore, Reu = 0. □ 
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We also have the following related criterion. 

Corollary 7.1.4. Let A be a lattice in C with algebraic invariants and choose an 
arbitrary basis Ai, A2 £ A. Then E is isogenous to a curve with model over K if and 
only if either A2/IA2I is algebraic or there are integers dx, g?2> ofa such that d\ 7^ and 
\d1X1 + d 2 A 2 | = |c? 3 A 2 |. 

Proof. If A2/IA2I is algebraic, then the assertion follows from the previous corollary. 
If A2/IA2I is transcendental, then \I/(r) = p (-^r) cannot descend to K. Indeed, 
otherwise it would follow from Proposition 12.3.41 that IRA2 C C is defined over 
K. But the latter is equivalent to the statement that A2/IA2I is algebraic, and we 
would receive a contradiction. So, since ^ does not descend to K, Corollary B.1.2 
implies that r = A1/A2 has irrational real part Rer. In particular, r is not a 
quadratic irrationality. Since j(r) is algebraic, r is transcendental by the theorem 
of Schneider ([371 Thm. 20]). The assertion follows now from Corollary IC2.1I and 
Remark lClT2l □ 

For a complex number u we have cu/|w| £ Q if and only if u and h(u) are linearly 
dependent over Q. The latter holds if and only if Reu and Imu are linearly 
dependent over K . Based upon this observation Theorem l2.5.8l allows the following 
result. The proof illustrates once again how to deal with the technically complicated 
theorem. 

Corollary 7.1.5. Let A be a lattice in C with algebraic invariants and suppose that 
aA ^ A' 1 for all non-zero algebraic numbers a. Let 0J\,0J2 £ £a be two non-zero 
algebraic logarithms which are linearly independent over Z. Then, for all non-zero 
u/ £ £ <g> Q, the six numbers 

1, a/, Reui, Imui, Re U2, Im co> 2 

are linearly independent over Q. 

Note that the assertion is wrong if A = A h , because in this case we can set 
uo 2 = h(ui). 

Proof. Recall that a complex number u lies in £ if and only if Re u and i ■ Im u lie 
in £. Hence, we can write 



(1)^.(1) _|_ _|_ ^,(1)^(1) _|_ „-fl(lMl) _|_ _|_ „-fl(l) r a) 

, , , ^ , , „ „ . ' P rn»l Wp mav p 



Re J = a<X } + •••• + « + + ... + < 



where a ( p , /Jj 1 ' £ K, £ £ fl K and rj 1 ' £ £ fl iR. We may even assume that 
this representation of Reu' enjoys the property that ki + l\ is minimal. We find 
a similar representation for Imu' involving numbers ctp , /3j , aj 2) and rj 2) . Recall 
the algebraic torus S from (2.3.2). It was explained in Sect. 1.2 that the exponential 
map of §(R) is canonically identified with e ir . This in mind, let U = E x E, G = 
U x G a ^ x G^t fe2 x E, l ± +h and write tt : G — ► U for the projection. We shall work 
with the homomorphism 

/ (1) • ( 2 ) \ 

*(r) = p(wir),p(w2r),r,e ff i r ,... } e tT ^ r ) 
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to G(C). We claim that $ has Zariski-dense image. Using disjointness of the factors 
of G, it suffices to verify that the ratio u>i/u>2 is not algebraic. By assumption U1/0J2 
is irrational. Hence, if E is not a CM-curve, then Schneider's theorem ([371 Thm. 20]) 
implies that U1/0J2 is not algebraic. 

Claim 7.1.6. If aA A h for all algebraic numbers a^O, then E is not a CM-curve 
and not isogenous to its complex conjugate. 

Proof. Since a A A h for all algebraic a 7^ 0, E is not isogenous to its complex 
conjugate. On the other hand, it follows from Corollary B.3.1 that CM-curves are 
isogenous to curves with models over K. And Proposition IC.l .41 implies that elliptic 
curves, which are definable over K, are isogenous to their complex conjugates. We 
infer the claim. □ 

Hence, U1/U2 is transcendental and \l/ has Zariski-dense image. This in mind, 
suppose that the assertion of the corollary is wrong. Then there is a non-trivial 
relation over K between 1 and the non-vanishing real and imaginary parts of the 
numbers u', wi, w 2 . Since these real and imaginary parts arise from coordinates over 
K of an algebraic logarithm in g(C), our converse assumption implies that there is 
a subspace tCg over K of dimension 

dim t < ki + h + k 2 + l 2 + 1 + 4 = dim G + dim U. 

Recalling that 7r is the projection to U, it follows from Theorem 12.5.81 that 7r*(\l/) 
descends weakly to K. By Corollary 14. 4. 2l this is only possible if E is either isogenous 
to a curve which is definable over IR or if E is isogenous to its complex conjugate. 
Proposition IC 1.41 implies that if the latter holds, then E must be isogenous to 
its complex conjugate. This contradicts Claim 17.1.61 So, the corollary follows by 
contraposition. □ 

Next we establish a real version of Masser's result on the linear independence of 
elliptic periods and quasi-periods. To formulate the result, let A = ZAi + ZA 2 be 
a lattice in C with algebraic invariants and set r\\ = r?(Ai) and r\2 = ^(A 2 ). In 1975 
Masser pU Ch. II, Ch. Ill] proved that 

dirndl, Ai, 7/1, A 2 , rj 2 , 2tu} = 2 + 2 dim^Ai, A 2 }. 

Corollary 7.1.7. Let A = ZAi + ZA 2 be a lattice in C with algebraic invariants. 
Then 

dim^-fl, Re Ai, Im Ai, Rer/i, Imrji, Re A 2 , Im A 2 , Re 7/ 2 , Im 7/ 2 , 27ri} 
= 2 + 2 dirndl Re Ai, Im Ai, Re A 2 , Im A 2 }. 

Proof. Unfortunately, the proof is a little involved. We divided it into three steps: 

1. E is not isogenous to its complex conjugate, and hence it is not 
isogenous to a curve with model over K (Proposition IC. 1~4|) . 

2. E is isogenous to its complex conjugate, but without complex multiplication. 

3. E is a CM-curve. 
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For the proof in the first case, we apply the uniformizations from App. B.3. We 
define U = G t to be the extension in Ext(E, G q) associated to t — 1. Because of 
Lemma C.1.4 G t is not isotrivial. We set G = G 2 x §q x G q and let n : G — > U be 
the projection. For j = 1,2 we denote by Tj the vector (trjj, Xj). Finally, we define 

#(r) = (exp Gt (T 1 r),exp Gt (r 2 r),e 2,rir ,r) = (# (r),r) 

Lemma IB. 3. II teaches that Zn + Zr 2 is the kernel of exp Gt . Hence, T\ and r 2 are 
independent over C for otherwise exp Gt (Cri) C G t (C) would be an elliptic curve, 
contradicting that G t is not isotrivial. Since G t and G m Q are disjoint, it follows 
that ty has Zariski-dense image and non-trivial kernel. Moreover, if u : G — > G a q 
is the projection to the additive factor, then tt*(\I/) = id. is injective. This in turn 
implies that $ = $„x id. has Zariski-dense image. Suppose now that the assertion 
of the corollary is wrong. Then there is a subspace t C Q over K with dimension 

dim t < 2 + 4 = dim U + dim G 

and such that \I/*(R) C t®n ^- Theorem l2.5.8l implies that 7r*(^) descends weakly 
to K. We will assume the latter and derive a contradiction. 



To start with, we show 

Claim 7.1.8. The homomorphism if>(r) = (p(Xir), p(A 2 r)J to E 2 (C) does not de- 
scend weakly to K . 

Proof. If ip(r) = (jp(Air), p(X 2 r)) descends weakly to K, then Corollary l7. 1.51 implies 
that E is either isogenous to a curve with model over K or it is isogenous to its 
complex conjugate. This is a contradiction to the assumption in the first case (see 
1. above). □ 

Claim 7.1.9. The equality 

dim^{i?e Ai, Im Ai, Re A 2 , Im A 2 } = dirndl i?e Ai, Im Ai, Re A 2 , Ira A 2 } = 4 

holds. 

Proof. Recalling that the four numbers in the left equality are coordinates over K 
of algebraic logarithms, it follows that if 

dim^{i?e Ai, Im Ai, Re A 2 , Im A 2 } < 4 = 2 dim E 2 , 

then there is a proper subspace s C e 2 over K such that ip* (M) C 5 ®k We apply 
Theorem 12.5.71 to ip, E 2 , the identity morphism and to s. It results that if) descends 
weakly to K. But this contradicts Claim 17.1.81 The equality on the left hand side 
follows. The identity on the right hand side is clear, because the four numbers are 
real. □ 

Let p : G 2 — > E 2 be the projection. Lemma 4.1.4 implies that p is universal in 
the sense of Sect. 4.1. Since 7T*(^ r ) descends weakly to K, it results then from Theo- 
rem [533] that (jr*^))^ has no Zariski-dense image. Observe that ip = p*(7r*(\I/)J. 
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Universality of p and Proposition 4.2.1 imply then that t/w nas no Zariski-dense 
image. By Theorem 12.3.51 the homomorphism if) descends weakly to K. We receive 
a contradiction to Claim 17.1.81 So, the assertion follows in the case when E is not 
isogenous to its complex conjugate. 

We proceed to the proof in the second case. We begin by showing 

Claim 7.1.10. IfE is isogenous to its complex conjugate, but without complex mul- 
tiplication, then 

dirndl Re Ai, Im Ai, Re A 2 , Im A 2 } = 2 

and 

dirndl, Ai, rji, A 2 , 772, 2ni} -2 = dim^{Ai, 771, A 2 , r) 2 , } = 4. 

Proof. If E is isogenous to a curve with model over K, then there exist a non-zero 
algebraic number /3 such that a sublattice A' of (3 A is stable with respect to complex 
conjugation. Then A' = Z\[ + ZA' 2 with Ai G R and A' 2 G z'R. As QA' = Q[pA), 
the first identity follows in this situation. Next assume that E is not isogenous 
to a curve with model over K and let a 7^ be an algebraic number such that 
oA C A h . It follows that ad\\\ + ac/ 2 A 2 = \\ with rational cfi,d 2 G Q. If <i 2 = 0, 
then Ai/|Ai| G Q. But then E would be isogenous to a curve with model over K, 
as follows from Corollary 7.1.1. Hence, cf 2 7^ 0. This implies the first identity in 
the case when E is not isogenous to a curve with model over K. So, the first 
identity is proved. And the second identity results from Masser's result preceding 
the corollary. □ 

By the assumptions of the second case there is an isogeny v : E h — > E. We 
identify E h with the curve corresponding to the lattice A h . Using identifications as 
in App. B.3, we let then H s be the extension u*[G t ] in Ext(E h , G q) associated to 
a s 6 Q = ff(E, Oe)- We consider the induced isogeny w : H s — > G t over v. For 
j = 1,2 we write 77^ = r] A h(\j) and o~j = (sr)j,Aj). By Lemma C.3.1 7ho\ + Zcr 2 
equals the kernel of exp Hs . The differential u>* is defined over Q and maps the kernel 
Zo"i + Zcr 2 of exp Hs into a cofinite submodule of the kernel 7Lt\ + Zr 2 of exp Gt . We 
conclude that 

r)i, AJ, A^ C Qij! + QAi + Q V2 + QA 2 . 
The definition of the WeierstraB functions (see [37], e.g.) implies that for j — 1,2 
the number rjj is in fact the complex conjugates of rjj. Hence, for j — 1,2 we have 

Rerj^ReXjJmrjjJmXj C Qm + QAj + + QA 2 . (7.1.1) 

Claim 7.1.11. For / = 1,..,4 there exist Qi G {-Re, Im} such that 

QVi + QAi + QV2 + QA 2 = Q(0i77i) + Q(0 2 Ai) + Q(0 3 ^ 2 ) + Q(0 4 A 2 ). (7.1.2) 

Sketch of the proof. By Claim [7Tl.l0l the space Qt7i + QAi + Qt7 2 + QA 2 has dimension 
four over Q. Since Ai and A 2 are both non-zero, it follows from Claim 7.1.9 that for 
a suitable choice of 2 and 4 we have 

QVi + QAi + QV2 + QA 2 = Qm + Q(O a Ai) + QV2 + Q(0 4 A 2 ) 
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and 

Q(0 2 Ai) + Q(0 4 A 2 ) = QAi- 

Using Claim 7.1.9 and Statement (7.1.1) together with the fact that rji and r\ 2 are 
non-zero, one deduces that for a suitable choice of ©1 and ©3 the identity in (7.1.2) 
holds. This amounts to a lengthy, but straightforward verification based on linear 
algebra. □ 

The second equality in Claim 7.1.9 and Claim 7.1.10 imply the assertion of the 
corollary in the second case. 

After all we only sketch the proof in the third case, that is, when E is a CM-curve. 
If E admits complex multiplication, then E is isogenous to a curve with model over 
K. Applying an isogeny to a curve over K together with a calculation as above, one 
shows the two identities 

dirndl Re Ai, Im Ai, Re A 2 , Im A 2 } 
= dim^{Ai,A 2 } 

and 

dinijj{l, Re Ai, Im Aj, Rerji, Imrji, Re A 2 , Im A 2 , Re 772, Im r) 2 , 2m} 
= dirndl, Ai, 771, A 2 , i] 2 , 2m} 

hold. The assertion follows then from Masser's result. This was the last open case. 
Everything is proved. □ 

Corollary 7.1.12. Let A be a lattice in C with algebraic invariants and let A G 
A \ {0}. Then the following assertions are equivalent. 

1. Re\~ 1 A g Q. 

2. For each uj G £a \ QA the numbers C( W )A — r](X)cu, A and 
their complex conjugates are linearly independent over Q. 

Proof. For a general u G C\ \ QA we define 

a\z 2 - u)e^ )z2+Zl 



fuj{Zl, Z2) 



a 3 (z 2 )o- 3 (u!) 



With notations as in App. B.3, let n : — > E be the extension of E by G m q 
associated to u. By Lemma C.1.4 G w is not isotrivial. The extension admits a 
uniformization exp Gtj : C 2 — > P 5 (C) over Q given by 

ex PG„(^i^2) = [p(z 2 ) : p'(z 2 ) : 1 : p(z 2 -uj)f u (z 1 , z 2 ) : p'{z 2 -u))f w {z X) z 2 ) : f w {z 1: z 2 )]. 

Set y = C{(jS) — x^^- Lemma [B . 3 . 1 1 teaches that (— 3yA, A) is a period of exp G[j . Let 
\l/(r) = exp G[j (— yAr, Ar). Statement 2. is wrong if and only if the real and imaginary 
parts of the two complex numbers in the statement are linearly dependent over K. 
The latter holds if and only if there is a proper subspace t C Q u = Lie G w over K with 
the property that ^ (R) C t ©a' R- By Theorem 12.5.71 this implies that \1/ descends 
weakly to K. Then, either \l/ descends to K or ^ descends weakly to K, but not 
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in the strong sense. In the first case Theorem 2.8.2 teaches that also ip = 7r*(^) 
descends to K. In the second case the homomorphism v : G — > G' ®k Q in the 
definition of weak descent has kernel of positive dimension. Hence, v must factor 
through 7r as, say v = w o tt. Since E = im it has dimension one, it follows then that 
ip = 7r*(\l/) descends to K via w. Corollary I A. 1.2 1 and Corollarv lA.3.21 imply that ip 
descends to K if and only if the first statement is wrong. So far, we have shown that 
if the second statement is not true, so isn't the first. On the other hand, if the first 
statement is wrong, so that ip descends weakly to K as just observed, then it follows 
from Proposition 12.3.41 that Statement 2. is wrong. The corollary is proved. □ 

The corollary implies that if i^M^E^n^ * s algebraic for some u G C\ \ Aq and 
some A G A, then E is isogenous to an elliptic curve over R. Conversely: 

Corollary 7.1.13. Let A be a lattice in C with algebraic invariants and suppose 
that aA A h for all non-zero algebraic numbers a. Then, for all A G A \ {0} and 
all u G C\ \ QA, the number 

gu)x- v (x)u 

\((cu)\- V (\)cu\ 

is transcendental. 

Slightly more advanced is the following version of Corollary l7. 1.121 It demon- 
strates the utility of Proposition lB.2.2l 

Corollary 7.1.14. Let A be a lattice in C with algebraic invariants and let u G 
£a \ A be an algebraic logarithm such that u — h(u),u + h(u) £ QA. Then, for all 
A G A \ {0}, the three numbers Re (C(^)A — r)(\)u}),Im (C( W )A — t](X)oj) and A are 
linearly independent over Q. 

Sketch of the proof. We use notations as in the proof of Corollary l7.1.12l We con- 
sider the homomorphism \l/(r) = exp G[j (yAr, Ar) and let 7r : G w — > E be the 
projection. Using arguments as in the proof of Corollary 7.1.6, one can show that 
the assertion of the corollary is true if and only it is true after the three numbers 
have been replaced by their pendants 

Re ((\oj')\' — T)'(X')co'), Im \ C'(u)')\' — rj(X')cj') and A' 

arising from an isogeny v : E — > E'. So, if 7T*(\I/) descends to K, then after transition 
to an isogeny we may assume that E is defined over R and that A G R = e'. If 
in this situation the three numbers are linearly dependent over Q, then they are 
linearly dependent over K. But then there is a proper subspace t C W of dimension 
dim t = dim G w = 2 over K such ^ (R) is contained in t ®# R. Theorem 12.5.71 
implies that \& descends to K. And Proposition lB.2.2l yields that exp E (o; + h(u)) 
or exp E (u; — h(u)) is a torsion point. This contradicts the assumption. On the 
other hand, if ir*^) does not descend to K, then we infer from Corollary C.2.2 that 
Re A _1 A Q. The claim follows then from Corollary l7. 1.121 □ 
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Let t be a non-zero algebraic number and A a lattice in C with algebraic invari- 
ants. If w 6 £a \ A, then it follows from the definition of exp Gt that the value 
exp Gt (t((u),u) is an algebraic point of the extension G t in Ext(E, G q). More- 
over, the projection 7i t : G t — > E is the universal homomorphism. Using these two 
facts together with Theorem l2 .5.71 and Corollary 14.4.21 one proves the next corollary. 
Details are left to the reader. 

Corollary 7.1.15. Let k > 1 be an integer and let A be a lattice in C with algebraic 
invariants. Suppose that a A A h for all non-zero algebraic numbers a. Let Uj, 
j = l,...,k, be algebraic logarithms in C\ \ A which are linearly independent over 
Z. Then the real and imaginary parts of the numbers Uj,£(u)j), j = l,....,k, are 
linearly independent over K . 

Generalizations of a theorem of Diaz 

In his 2004 paper [TU] , Diaz found an elementary proof for the following special case 
of the theorem of Gel'fond and Schneider from the introduction. 

Theorem 7.1.16. If u G C is an algebraic logarithm such that the real and the 
imaginary part of u are linearly dependent over K , then u is either real or purely 
imaginary. 

With the help of our main results we are able to generalize Diaz' theorem into 
several directions. 

Corollary 7.1.17. Let G be a commutative group variety over Q and let u> G £|(C) 

be the logarithm of an algebraic point £ G G(Q). Let t be the smallest subspace 
of g over K such that w e t ®k ^- If t 7^ g, then there exists a homomorphism 
v : G — > G' ®k Q onto a commutative group variety of positive dimension with 
model G' over K such that v{£) G G'(R). 

Proof. This is immediate from Theorem 12.5.71 by setting ^(r) = exp G (o;r) and 
n = id. □ 

An interesting consequence of Corollary 17.1.171 is 

Corollary 7.1.18. Let G be a simple commutative group variety over Q of dimen- 
sion g. For j = 1,2 let Uj G Cq be an algebraic logarithm and let tj be the smallest 
subspace of q over K with the property that Uj G tj Cg>x 1R. If tj 7^ g for j = 1,2, 
then ti fl t 2 = {0} or ti = t 2 . 

Proof. Fix a j = 1,2. We apply Theorem l2.5.8l to ^j(r) = exp G (o;r), 71 j = id. 
and tj and deduce that there is a non-zero homomorphism Wj : G — > G'j ®x Q 
such that (wj)*fifj) takes values in G^-(IR). The simplicity of G implies that Wj is 
an isogeny, and we infer that (wj)*(tj) c g'j. It follows from Theorem 12.5.71 that 

dim tj > dim G = dim g'. So, (w^)*(t,) = g'j. Next, let V\ : G'j ®k Q — ► G be 
an isogeny with the property that w\ o v\ is multiplication with an integer and set 
t>2 = W2- The previous yields 

K)*(fll) = ti and (« 2 )*(ta) = 2 - 



81 



Define v = v 2 o V\. Then 



u(Gi(R)) n G' 2 (R) D u 2 (exp G (ti n t 2 )) 

is a positive dimensional real Lie group. Let £ G G^(R) be an element which 
generates a Zariski-dense subgroup of G^(R) and such that u(£) G G 2 (R). Then 
u (£0 = vh {€') f° r each £' G Z£. A density argument yields u = u h . It follows from 
Lemma 3.2.2 that v is defined over K. This in turn implies that ti = (fi)* 1 (fli) = 

= t 2 . ' □ 

Proposition 12.3.41 and Corollary 17.1.181 imply 

Corollary 7.1.19. Conjecture 1 1.2.2 is equivalent to Conjecture \ 1.2. 31 

The verification of this is left to the reader. 

Corollary 7.1.20. Let A be an abelian variety of dimension g over Q and let u = 
u(A) be the smallest dimension of a non-trivial simple algebraic subgroup of A. 
Let z\,...,z g be linear coordinates on a(C) over Q. Suppose a non-zero algebraic 
logarithm 

u = (u)i, ...,u) g ) G La — exp^ 1 (A(Q)) 
with the property that the numbers 

Reui, Imcui, Reu g , Im u g 

generate a space of dimension n over K such that either n < u or 2g — u < n < 2g. 
Then A contains a simple algebraic subgroup of positive dimension which is isogenous 
to an algebraic group with model over K . 

Sketch of the proof. Let ^(r) = exp G (a;r). As in the proof of Theorem 12.5.71 (Sub- 
sect. 6.2.1) one shows that n equals the dimension of the Zariski-closure H C Nm K (Q)®K 

Q = A x A h of ^j^(R). The algebraic groups Ax A' and H are plurisimple. More- 
over, u(A) = u(A h ) = u(A x A h ). So, the hypotheses imply that 5(H) is odd. The 
claim follows then from Corollary 14.4.31 and because A is plurisimple. □ 

On Waldschmidt's theorem about the density of rational points 

As mentioned in the introduction, Mazur's conjecture is the motivation for Wald- 
schmidt's article [39]. In this paper, Waldschmidt considers first a commutative 
group variety G over a real number field and treats the question when a subgroup 
T C G°(R) R G(K) is dense in the connected component of unity G°(R) of the real 
Lie group G(R). In the last part of the assumption that G is defined over a real 
subfield is dropped. Instead, the Weil restriction Afq/ K (G) is introduced which en- 
ables to apply the previously established density criterions to subgroups T C G(Q). 
The trick is to replace T by the subgroup = {(7, j h ), 7 G T} of A/^/ K (G). A spin 
off of this idea is [SHI Corollary 5.4 a)]: 
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Theorem 7.1.21. Let A be a simple abelian variety of dimension g over Q and 
let Y C A(Q) be a group of rank > Ag 2 — 2g + 1. Then Y is dense in A(C) unless 
there is an abelian subvariety A' C A/^/ K (G) suc/i i/iai IV/ (r^- fl A'(R)J /ias rank 
<g 2 -g-l. 

Using our results, we are able to simplify the condition in Theorem l7. 1.211 con- 
cerning rv. 

Corollary 7.1.22. Let A be a simple abelian variety of dimension g over Q and let 
Y C A(Q) be a group of rank > 4g 2 — 2g + 1. Then Y is dense in A(C) unless there is 
a proper subspace tea over K — QnR with the property that Y / (rnexp G (t(8)A;R)) 
has rank < g 2 — g — 1 . 

Proof. Define IV = {{l,1 h ),l G T}- Because of Theorem l7. 1 . 2 1 1 we need to show 

(*) If a proper subspace t over K exists such that Y /{Y D exp G (t®K R)) 

rank < g 2 — g — I, then there is an abelian subvariety A' C A/^/^(A) sitc/i 
Z/jat rjv/(r^n A'(R)) has rank < g 2 - g - 1. 

It suffices to prove (*) for a free subgroup Y' = Z£i + ... + of finite index in 
T. We may even assume that £i, G exp G (t£g>£; RJ for some I < k such that 
< k - I < g 2 - g -1. 

For j = 1, I let G t £8>x R be an algebraic logarithm of £j. Let tj C t be the 
smallest vector space over K such that Uj G tj <S>a' R- We apply Theorem 12.5.81 to 
G = A, 7r = id., *&j(r) = exp G (c^r) and tj. We infer using simplicity of A that \&j 
descends to K via an isogeny Vj : A — s- A^- ®k F. In particular, (vj)*tj C a^-, so 
that dim tj < dim A'. Theorem 12.5.71 yields that dim tj = dim A. In particular, 

dim^ a = 2 dim A = dim tj + dim 

for all i, j = 1, I. So, 

dim t < dim^- a = dim t, + dim U 

for all i, j = 1, I. Thus, U fl tj 7^ {0} for all i,j = 1, 1. Corollary l7. 1.181 implies 
that ti — tj for all i, j — 1, I. It follows that 

v^j) e A[(K) (7.1.3) 

for all j = Let w : A[ ® K F — > A be an isogeny such that V\ o it; is 

multiplication with an integer. Since A' : is simple, the functorially induced mor- 
phism Af(w) : A^ — > Af^ K (A) defines an isogeny onto its image A' = A/'(w)(A / 1 ). 
Statement (7.1.3) implies that T z = ur^Zfi + ... + Z^) n A[(K) has rank 1. As 
the isogeny Af(w) is defined over K, the group A/"(w)(rv) c A'(K) has rank Z, too. 

Define Y = J\f(w)(w~ 1 (Y)). The previous implies that the group Yj (Y fl A'(R)j has 
rank < k — I. Moreover, as w is an isogeny and as M{w) ®k Q = (w,w h ), Yjy is a 
cofinite subgroup of Y. Assertion (*) follows. □ 



8.3 



Solution to Exercise 12.6.11 



If t 7^ q, then Theorem 12 . 5 . 81 applied with ir = id. and U = G yields that ^ descends 
weakly to K. Since A and B are disjoint, each positive dimensional quotient of G 
has dimension > 2. It follows from Proposition 12.3.41 that dim t < 8. Assume that 
p*{^) descends to K, but does not. Then dim t = 8 for otherwise Theorem 

12.5.81 applied with it = q and U = B would imply that q*(^) descends to IR. Next 
suppose that q*(^) descends to K, but does not. Reversing the roles of A 

and B and applying Proposition 12.3.41 we infer that dim t = 7. Finally if p*{^) and 
q*(^) descend to K, then dim t<2 + 3 = 5by Proposition [2331 an d Theorem l2.5.7l 
with 7r = id. and U = G implies that \I/ descends to K. From the same theorem we 
deduce then that dim t = 5. 

7.2 Real-analytic generalizations of the six exponentials the- 
orem 

In this section we state some nice consequences of Theorem 12.5.31 which is inspired 
by the six exponentials theorem from Sect. 1.2. 

Corollary 7.2.1. Let A be a lattice in C with algebraic invariants and let aj, j = 

1, 2, 3, be three complex numbers not in A which are linearly independent overTL, but 
collinear over IR. Then, for all non-zero complex numbers b such that either b/\b\ is 
transcendental or bai ^ IR U iR, at least one among the six numbers e baj , p(aj) is 
not algebraic. 

Proof. Suppose that all six numbers are algebraic. Set G = G m Q X E and let p 
(resp. q) denote the projection to G m Q (resp. to E). Then one deduces from Theorem 
12.5.11 applied with g m = l,g a = 0,r>3 and k > that the homomorphism 
\l/(r) = (e bair , jp(air)) to the set of complex points of G descends to IrH Because of 
Theorem 12 . 4 . 2 1 1 he latter is only possible if the two homomorphisms and q*{^) 

both descend to IR. We saw in the previous section that if q*(^f) descends to IR, then 
di/laxl is algebraic (*). It follows from Corollary IA. 3. II that if descends to IR, 

then bai G RLU'R(**). The assertions (*) and (**) imply that b/\b\ is algebraic. 
The claim results by contraposition. □ 

Next we prove a variation of the six exponential theorem for elliptic curves. 

Corollary 7.2.2. Let A\ and A2 be two lattices in C with algebraic invariants. Let 
cij, j = 1, 2, 3 ; be three complex numbers not in A1UA2 which are linearly independent 
over Z, but collinear over IR. Suppose that A2 is neither isogenous to A\ nor to A%- 
Then, for all complex numbers b such that bai/\ba\\ is transcendental, at least one 
among the six values p\(baj), ^2(0^) is defined and not algebraic. 

The statement of this corollary is similar to the statement of the previous one, 
but the strategy of proof is rather different. 

2 Recall that we identify p(z) with the exponential map of E for brevity. 
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Proof. We define : R — > Ei(C) to be the homomorphism ^i(r) = pj{ba\r) and 
let ^2 : R — >• E2(C) be the homomorphism ^O") = p2(«i^)- Moreover, we set 
G = Ei x E2 x Ej and U = Ei. We consider the projection 71 : G — > U and define 
$ = $iX (^2)^/- The hypotheses imply that the image of ^ is Zariski-dense in G(C). 
If now all six numbers in question are algebraic, then the group \E' _1 (G(Q)) has rank 
> 3. In this situation it follows from Theorem 12.5.21 applied with g m = g a = 0, r > 3 
and k > that ^1 = tt*(^) descends to R. As seen in the previous section, the ratio 
ba\/\ba\\ is then algebraic. Contradiction. □ 

The third result in this section is more abstract. 

Corollary 7.2.3. Let A be a simple abelian variety over Q and let : R — > A(C) 
be a non-zero real-analytic homomorphism such that the group of algebraic logarithms 
^I^ 1 (A(Q)) has rank > 3. Let C be the closure o/^ r (R) with respect to the analytic 
topology. Then C is a real Lie group of dimension dim C < 3. 

Proof. We apply Theorem [TJTTJ to G = A, to the complexification $ of \1/ and with 
gm = ga = 0, r > 3 and k > 0. It follows that dim A < 3. Next we apply Theorem 
12.5.21 to the same setting (without $) and with 7r = id. It results that \l/ descends 
weakly to K if dim A > 2. Since A is simple, \1/ descends weakly to K if and only 
if it descends to K. Now, in general for an abelian variety A' over R the dimension 
of the real Lie group A'(R) equals dim A'. So, the assertion of the corollary follows 
if dim A > 2. On the other hand, if dim A < 1, then dim C < 2. The claim is 
proved. □ 



7.3 Algebraic independence of values connected to e z and 
Weierstrafi elliptic functions 

On a theorem of Chudnovsky 

Between 1974 and 1981 Chudnovsky proved striking results of algebraic indepen- 
dence related to elliptic functions. One among these results was the algebraic inde- 
pendence of the two numbers 

for a lattice A in C with algebraic invariants, an algebraic logarithm u G £a \ QA 
and associated values 77(A), ((oj). In [371 Con. 38] Waldschmidt states a conjecture 
which generalizes Chudnovsky's theorem. 

Conjecture 7.3.1. Let A be a lattice in C and A e A\{0}. If u ^ QAUA is a complex 
number, then two among the numbers 

/ \ j-( \ r)(A) 77(A) 
92, £3, p{v), CM —uj, 

are algebraically independent. 



85 



The conjecture is closely related to extensions of E by G a . In the direction of the 
conjecture we prove the following results. 

Corollary 7.3.2. Let A be a lattice in C with real, but not algebraic invariants and 
let A G A \ {0} be such that ReX^A Q. If co G (1U iR)X \ (QA U A), then two 
among the numbers 

92, 93, p(w), CM - VW^, 77(A), A 
are algebraically independent. 

Proof. With notations as in App. A. 3 we let t = 1 and consider the homomorphism 

\[>(r) = exp Gt (rj(X)r, Ar) 

to the extension G = Gt of U = E by the additive group. It follows from Lemma 
IB.3.1l that \1/ is 1-periodic. We let Fi be the algebraically closed field generated by the 
six numbers g 2 , #3, £>M, CM ~~ vW^, vW, ^ an d define F 2 to be the algebraically 
closed field generated by F\ and the conjugates of the six numbers. Then 

Z + Zu; c *-\G t (F 2 )) UtfjJ(G t (F 2 )). 

We write ir for the projection from G to U and apply Theorem l2 .5.51 with dim t = 1, 
g c = 2, g m = g a = 0, r > 2 and k > 1. It follows that 7r*(\l/) descends weakly 
to K if trdegjjF 2 = 1. Since #2, #3 are real, but not both algebraic, it holds that 
if trdegQ.Fi < 1, then trdegQ_F 2 < 1. Consequently, if trdeg^Fi < 1, then 7r*(^) 
descends weakly to K. For dimension reasons 7r*(\l/) descends weakly to K if and 
only if descends to K. And if 7r*(\I/) descends to K, then _ReA _1 A C Q by 

Corollary B. 1.2. We infer the claim by contraposition. □ 

Similarly we get 

Corollary 7.3.3. Let A be a lattice in C and let A G AnlR* be such that ReX^A <£. 
Q. If uj G (IR U iR) \ (QA U A) ; then two among the numbers 

92, 93, p(w), CM —u, 

and their complex conjugates are algebraically independent. 



On the algebraic independence of ir and an elliptic period 

Let A be a lattice in C with algebraic invariants. A "folklore" problem in tran- 
scendence theory it the question whether ir and a lattice element A G A can be 
algebraically dependent. It is known that this is not the case if A admits complex 
multiplication (see Waldschmidt [37]). In this direction we can state the following 
result. 

Corollary 7.3.4. Let A be a lattice in C with algebraic invariants and suppose that 
i?eA _1 A Gj Q for some A G A \ {0}. Let u G C \ inQ be a real or purely imaginary 
number and set c = 4^. Then 

trdeg Q Q(7r/|A|,A/|A|,p(c)) >2 
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and 



trdeg Q Q(vr,A,p(c)) > 2. 
Proof. Let U = E, G = U x G m q and define n : G — 



U to be the projection. Set 




*(r) = (p f^jj ,e^ r/|A| J. The field F = Q(^) is closed with respect to complex 



conjugation and if p(c) G F, then 

Z\X\ + Zilu\\\/ti C ^(G^)) + ^(GCF)). 

Corollary lA. 1.21 and Theorem l2 . 5.51 applied with dim t = 1, g c = g m = 1, g a = 0, r > 
2 and k > 1 give then the first assertion. The second estimate follows similarly by 
considering F = Q(vr), *(r) = (p (Ar) , e inr/x ) and Z + Ziw/vr. □ 

Density of algebraically independent points 

The final three results of this subsection are not a logical consequence of our theo- 
rems, but are proved with the very same techniques. They amend Diaz' observation 
from Subsect. 7.1.2. 

Theorem 7.3.5. Let G be a simple commutative group variety over a subfield F of 
C which is countable and closed with respect to complex conjugation. Let \1/ : IR — > 
G(C) be a real-analytic homomorphism. If trdeg F F(!;, £ h ) < 2 dim G for uncountably 
many £ G ^(IR), then ^ descends to IR. 

Proof. Let K = F n IR and Af = Mf/k{G). Suppose the statement is wrong. Then 
there is an uncountable set & C IR such that trdeg F F(^, £ h ) < 2 dim G for £ = $f(r) 
and all r G 6. There exists, for all r G (3, a proper subvariety C r C G x G h 
over F with minimal dimension and the property that \Ev(r) G G r (C). However, 
the number of pair-wise distinct subvarieties among the C r is at most countable. 
Consequently, there is an uncountable subset & a C & and a proper subvariety 
C C G x G h over F with the property that ^j^(& ) C C(C). It is an easy exercise 
to check that & admits a point of culmination r Q such that £ G = ^/_sf(r ) G C(C). 
Let U be an affine neighborhood of £ Q together with a function / G F[U] defining 
CnU. It follows that / o tyy = 0. Hence, \Ev(M) C C(C). Since G is simple, 
this in turn implies that C is an algebraic group H which is the Zariski-closure of 
infinitely many points in ^^(R) DjV(R). Therefore H = H h , so that H admits a 
model H'cA/" over K with the property that \P/v(R) C H'(R). It follows that * 
descends to K. □ 

Corollary 7.3.6. Let u G C \ (IR U iR). Then, for r G IR outside a countable set, 
e ru and its complex conjugate are algebraically independent. 

Proof. The condition on u guarantees that \l/(r) = e ru does not descent to IR. This 
is a consequence of Corollary B.3.1. We apply the previous corollary and infer the 
result. □ 

Corollary 7.3.7. Let A be a lattice in C with algebraic invariants and let u G C\Q 
be such that \u\ — 1. Then, for r G IR outside a countable set, p{ru) and its complex 
conjugate are algebraically independent. 
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Improvements and analoga of a theorem of Gel'fond 

A classical theorem of Gel'fond from 1947 asserts that for an algebraic a ^ 0,1 
and a cubic (3 the two numbers a? , a 13 are algebraically independent. In the next 
four corollaries we study results concerning the exponential function which combine 
Gel'fond's idea of proof with our real-analytic approach. We shall then return to 
our main play ground, the elliptic world, and derive elliptic analoga of his theorem. 

Corollary 7.3.8. Let (3 be a quadratic irrationality and u be a non-zero complex 
number such that u/h(co) ^ 



1. If rr is transcendental, then two of the three numbers -r-r , e u , 

J \u\ ' J \u\ ' ' 

are algebraically independent. 

2. If is algebraic, then two among the numbers and their 
conjugates are algebraically independent. 

3. If and one of the numbers e u /\e u \, /\e^ u \ is algebraic, then 
the two numbers e",e@ u are algebraically independent. 

Proof. We write Q(/3) = Q + Qa with a E R U iR and note that Q(fi) is closed 
with respect to complex conjugation. To show the first statement, we shall apply 
Remark l2.5.6l To this end, we set G = G to q x G m q and consider 

¥(r) = ( e <WM >e /WM) . 

Claim 7.3.9. The homomorphism \1/ does not descend weakly to R. 

Proof. The hypotheses imply that Reu, Imu, (3Reu and fllmu are Z-linearly in- 
dependent. Hence, ty/j has a Zariski-dense image. Theorem 12.3.51 implies then the 
assertion of the claim. □ 

Next we observe that the two numbers rjr, are algebraically dependent and 
that they generate an algebraically closed field F\ which is stable with respect to 
complex conjugation. Let F 2 be the algebraically closed field generated by ^ , e u , 
and their complex conjugates. Then F\ C F 2 and 

UZacr 1 (G(F 2 )) U ^ (G(F 2 )) . 

If trdegQ-F 2 = 1, then F\ — F 2 . We apply then Remark [2 .5.61 with n = id., dim t = 1, 
r > 2, g m = 2, g c = g a = and k > 0. It is inferred that \& descends weakly to 
K — Fx D M. But this is excluded because of the last claim. Hence, trdeg Q F 2 > 2. 
Statement 1. follows. 

For the remaining statements we recall Theorem l7. 1.161 It implies that e w and 
are transcendental if is algebraic. Then the proof goes along the same 

lines. □ 

The corollary admits some nice applications. Since their derivation is straight- 
forward to an large extend, the proofs are only sketched. The first application is a 
reminiscent of a problem stated in Waldschmidt [38, p. 594]. 
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Conjecture 7.3.10. If 00 G C is a non-zero algebraic logarithm and (3 is a quadratic 
irrationality, then w and are algebraically independent. 

In the direction of the conjecture we can show 

Corollary 7.3.11. Let u a C be an algebraic logarithm and (3 be a quadratic irra- 
tionality. Ifu/\u\ and are algebraically dependent, then u G RUiR. 

Proof. If oj ^ RUiR, then Theorem l7. 1. 161 implies that w/M ^ s transcendental, and 
the claim follows from the first statement in Corollary l7.3.81 □ 

Corollary 7.3.12. Let a > be an algebraic number and d > 2 be a square-free 
integer. Then 7r/log a and a^e v/ ~* r are algebraically independent. 

Proof. Set oj = in + log a and f3 = yfd. Baker's theorem implies that is not 

algebraic. Using that n / log a and u>/\oj\ are algebraically dependent, one completes 
the proof with the help of Statement l.in Corollary 7.3.9. □ 

Corollary 7.3.13. Let (3 Q(i) be a quadratic irrationality. Then e n and e /3 ^ 1+ ^ 7r 
are algebraically independent. 

Proof. Let u = in + it. Note that e 7r+ * 7r G Q(e 7r ) and derive the result with the help 
of the third statement in Corollary l7.3.81 □ 

The next consequences are, to some effect, elliptic analoga of Gel'fond's result. 
They amend Masser-Wiistholz [22l Corollary 1] where a similar result for elliptic 
curves with complex multiplication is given. 

Corollary 7.3.14. Let f3 be an algebraic real number with degree 4 over Q. Let 
A be a lattice in C with algebraic invariants and consider an algebraic logarithm 
co G £a\ A such that u>/\oj\ £ Q. Then the four values Im p((3cu), Re p(f3u), p((3 2 cu) 
and p((3 3 u) are defined and two of them are algebraically independent. 

Proof. Let I = 1,2,3. Denote by F the algebraically closed field generated by 
q = p((3 l u) and the conjugate h(cx) over Q. We will suppose that F has transcen- 
dence degree < 1 and will derive a contradiction. 

The number p(/3u) is transcendental by the theorem of Schneider. Hence, since 
F has transcendence degree < 1 over Q, then the field F is the algebraic closure of 
Q(ci,h(ci)) and it is stable with respect to complex conjugation. We set G = E 3 , 
define 

*(r) = {p(ur),p((3ur),p((3 2 ur)) 

and consider 

Z + Zf3 + Zf3 2 + Z/3 3 c (G(F)) + ttjj (G(F)) . 

Since ^ Q, 00 and its complex conjugate are not linearly dependent over Q. 

Claim 7.3.15. The homomorphism \l/ does not descend weakly to K . 



Proof. Because of Theorem 12.3.51 it suffices to show that the homomorphism 
has Zariski-dense image. Assume first that E has no complex multiplication. With 
notations as in Sect. 3.3 we have Lie(p)(w) = h(u). If \EV has no Zariski-dense 
image, then we receive an equation 

= (oq + dip + a 2 (3 2 )u + (b + biP + b 2 l3 2 )ah(u) 

with rational aj, bj and where a G Q represents an isogeny in End(E h , E) ^ Z. Since 
u and its complex conjugate are linearly independent over Q, we get a contradiction. 
Finally, if E has complex multiplication by, say V—d, then Q(/3, y/—d) has degree 8 
over Q for is real. Using this the proof follows similarly. □ 

Recall that F is stable with respect to complex conjugation and set K = F D E. 
The hypotheses imply: There is a subspace t of e 2 over K of dimension dim t = 2 
such that the image of is contained in t ®k From Theorem l2.5.5l applied with 
7r = id., r > 3, g c = 3, g m = 0, g a = and k > we infer that \I/ descends weakly to 
K. But the latter contradicts the previous claim. □ 

Corollary 7.3.16. Let (3 be a cubic real irrationality. Let A be a lattice in C with 
algebraic invariants and consider an algebraic logarithm u G C such that uj/\u>\ £ Q. 
Then two of the three numbers Reu, p((3u) and p((3 2 u) are algebraically indepen- 
dent. 

Proof. Since uj/\u\ is transcendental, Corollary 17.1.31 implies that so is Reu. Set 
G = E 3 x G q q, consider the projection 7r to E 3 and define 

#(r) = (p(ur), p(Pur), p((3 2 ur) } (Reu)r). 

Using arguments as in the previous proof, one derives the assertion from Theorem 
12331 □ 

Corollary 7.3.17. Let A be a lattice in C with algebraic invariants and complex 
multiplication by r Q(i). Consider a non-zero algebraic logarithm uj G £a such 
that uj/\uj\ ^ Q. Then to/\u\ and p{iu) are defined and algebraically independent. 

Proof. We will sketch the proof only in the case when r = y/—d for a square-free 
integer d > 1. The general case is readily reduced to this. We consider the group 
| a; | (Z + iL + rZ + y/dZ) of rank four and the homomorphism 

*( r ) = (p(R r )'K Z R r )) 
to the set of complex points of G = E 2 . The proof runs then as follows: First 
one verifies that ^ has Zariski-dense image in G(C). Next one defines F to be the 
algebraically closed field generated by -rr, p{yduj) and p(iw). Since and its 
conjugate are algebraically dependent, it follows that if F has transcendence degree 
< 1, then it is stable with respect to complex conjugation. In the third step one 
applies Theorem l2.5.5l with n = id, dim t = 1, g c = 2, g m = g a = 0, r > 4 and 
k > 0. One derives that F has transcendence degree > 2. As p(ry/du) = p(iduS) 
and p(tiuj) — p{— yfdw), it results then in the last step that r^r and p(iu) are 
algebraically independent. □ 
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Appendix A 



Complex group varieties and real 
fields of definition 



In this appendix we state and prove some mostly known results which link the analytic theory of algebraic 
groups to the problem of definability over real subfields. 



A.l Real fields of definition 

In what follows we denote by G a complex commutative group variety. 

Proposition A. 1.1. Let t + £ be such that A is stable with respect to the canonical action of GaZ(CjR) 

on = t + ®m C Then there is an algebraic group G' over R and an isomorphism v : G — > G' <8>r C of 
complex algebraic groups with the property that exp G (t + ) C « _1 (G'(R)). 

The notion of a "canonical action" and the symbol were defined in Sect. 3.3. 

Proof. The statement is readily reduced to 

(*) Let $ : C 9 — > G(C) be an etale and holomorphic homomorphism, 
and denote by A its kernel. Suppose that A is stable with respect to 
complex conjugation. Then there is an algebraic group G' over R and 
an isomorphism v : G — > G' ®k C of complex algebraic groups with 
the property that $(R 9 ) C i> _1 (G'(R)). 

We set M — A/"c/h(G) and write ^ = "I'ibs. Because of Proposition the real-analytic homomorphisms 
* h = p„ o * and = * x * h can be extended to holomorphic maps <E> h : C 9 — > G(C) and <E>aA : C 9 — > 
Af(C). As above we will suppose that G is embedded into as a quasi-projective subvariety. Then $ 
is locally represented by power series ^aij^ 1 , where j — 0,...,N, and "3> h is locally represented by the 
conjugate power series ^h(aij)z^ . Since A is stable with respect to complex conjugation, it follows that 
A = ker& = ker<& h — ker<&sj. Let C = \I/.a/(R). Taking quotients, the map induces a commutative 
diagram of holomorphic maps 

G(C) 




G(C) ^— N(C) 



G h (C) 

By construction we have (f>G(£)) h = PG h (0 f° r au i £ ^at(C). Corollary 13 . 5 .3 l implies that $u(C) C A/"(R). 
Moreover, the image $v(C) is a Zariski-dense subset of the algebraic subgroup H = im 4>Ar(C) of A/"®r C. 
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Since $/v(C) = ("3?Ar(C)) h , we have H = H h . Consequently, there is a group variety H' C AT such that 
H = H' ® K C. Letting v = ($at) _I and G' = H', (*) follows. □ 



Proposition ! A. 1 . ll is specified in the context of elliptic curves by the following result. For a r in the 
upper half plane H we write A r = Z + tTL and let E = E T be the associated complex elliptic curve in 
Weierstrafi form. Then Lie E is identified with C and the exponential map exp E with [p T : p' T : 1] . 

Corollary A. 1.2. The following assertions are equivalent. 

1. Rer e Q. 

2. There is an elliptic curve E' over R and an isogeny 

v : E — > E' ®n C with the property that v, (R) = Lie E' . 

Proof. 1. => 2. ' Let k > be such that k(Rer) € Z. Then A = Z + Zki(Imr) is a sublattice of A T 
which is stable with respect to complex conjugation and such that the fix locus of the complex conjugation 
is A n R = Z. We apply Proposition ! A. 1 . D to A and infer the existence of an isogeny w : E' ®m C — > E 
with the property that w* (Lie E') = R. Any inverse isogeny v : E — > E' ®r C with the property that uoic 
is multiplication with an integer is then as required for Statement 2. 

'2. => 1. ' Write e' = LieE' and let A' C c'(C) be the kernel of the exponential map exp E /. Corollary 
13.3.31 implies that GaZ(C|R) admits a canonical action on t' ® C which restricts to an action of A' and 

which fixes e'. For c g C consider the action ^ih(c) = v* 1 ^(i>„(c)) h j of GaZ(C|R) induced by v„. As 

R = ii^ 1 (e'), it follows that is complex conjugation. As a result, the lattice A* = w^^A') in C is stable 
with respect to complex conjugation. Thus, A = (deg v)A* is a sublattice of A r and stable with respect 
to complex conjugation. This in turn implies the existence of integers d\,d,2,d^ such that d\ 7^ and 
di ■ h(r) = di + d$T. Looking at imaginary parts, we find that d± = — d$. Consequently, 2d\(Rer) = di. 
Statement 1. follows. 

□ 

Let now F be an algebraically closed subfield of C which is stable with respect to complex conjugation 

h. 

Proposition A. 1.3. Let G be a semi-abelian commutative group variety over F and let G r be a real model 
of the complexification of G. Then G r is definable over K = F DR. 

Proof. Let v : G r ®m C — > G 8f C be an isomorphism. We have to prove 

(*) There is an algebraic group G' over K and an isomorphism of algebraic 
groups w : G — > G' ®k F over F such that (w ®f C) o v is defined 
over R. 

Set A = G r <8>r C and B = G ®f C. We consider the embedding Af(«) : G r — > A/"c/m(B) over R. We 
define N = Nf/k{G). By Lemma 3.5.5 there is a canonical isomorphism A/c/r(B) ^2 M ®k R and we 
shall identify these varieties. Consider the algebraic group variety H = (imN(vj\ <%>k C C M ®k C. Since 
M®k C = A x A h is semi-abelian, Ht or . is Zariski-dense in H(C). And H tor is contained in J\f(F). We infer 
that H is definable over F, that is, H = H/8fC with a subvariety H/ C N ®k F. Moreover, H is stable 
with respect to the action of h. It follows from Subsect. 3.1.5 that H/ is stable with respect to the action of 
h on N ' ®k F. Hence, there is a group variety H' C J\f such that H/ = H' ®k F. Let pG f '■ N ®k F — > Gj 
be the projection from Theorem !3.5.2l Setting G' = H' and w = (pg/Ih) , (*) follows. □ 

A. 2 Complex twins 

Next we let F be an algebraically closed subfield of C and write K = F PI R. We assume that the extension 
F/K has degree [F : K] — 2 and that F is stable with respect to complex conjugation h. In this section we 
associate to a commutative group variety G' over K its complex twin Gj^ , a group variety over K which 
becomes isogenous to G' ®k F after base change to F. 

We define A C fl(C) to be the kernel of the exponential map exp G and let Lie(p) be as in Sect. 3.3. Then 
G = G h and, as seen in Corollary [3X31 A = A h = Lie(p)(A). We note that the set G(iR) = exp G (i-g'(R)) 
is the fixed locus of the real-analytic map p* o [— 1]g : G(C) — > G(C). Here p, is as defined in Sect. 2.2. 
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Let Ai = A n g'(R) and A 2 = A n i ■ fj'(R). Then Ai + A 2 has finite index in A. 

First construction. Set Aui = iAi + iA 2 . The subgroup Am of fl(C) is stable with respect to the 
canonical action of Gai(CjR) induced by g'(R) £ H(g(C)) (see Sect. 3.6). The analytic quotient g(C)/A[i] 
is isogenous to G(C) (an isogeny is induced by multiplication with i) and hence inherits the structure of 
a group variety over F. We denote the variety in question by Gui . As follows from Proposition IA.1.11 
and Proposition IA. 1.3l the action of GaZ(C|R) on fjj(C),Arj]) descends to an action on G[j] and defines a 
K -structure on G\a. 

Second construction. Consider $j(C) with the canonical action of Ga£(C|R) with respect to i ■ g'(R) £ 
H(g(C)). Since Ai + A 2 is stable with respect to this action, Proposition IA.1.T1 and Proposition |A.l.~3l 
imply that the group variety Gui defined by the analytic quotient g(C)/(Ai + A 2 ) carries a /^-structure. 

Both constructions lead to canonically isomorphic group varieties over K. We identify these two vari- 
eties and call the resulting single variety the complex twin of G'. It is denoted by G'™. From the first 
construction it is clear that multiplication with i leads to a canonical isogeny [i] : Gui — > G over F which, 
however, is never defined over K if dim G > 0. 

Example A. 2.1. Recall the algebraic group S from (2.3.2). Then §r = (G m ,c) and A/c/r(G TOi c) is 
isogenous to G m ,u x Sr. 

Example A. 2. 2. Let E' be an elliptic curve over R and write E = E' Cg> K C. Then End(E') is identified with 
the subgroup of isogenies v £ End(E) such that v*(g') = g' . Hence, End(E') ±2 Z. The curve E' and its 
twin EL] are isogenous over R if and only if there is a v £ End(E) such that v*(fl') = i • fl'. The latter 
holds if and only if E is a CM-curve. It follows that if E has complex multiplication, then M = A/c/r(E) is 
isogenous to the power E' x E' and End (N) — Mat 2 (Z). And if E admits no complex multiplication, then 
Af — A/c/r(E) is isogenous to the product of the two non-isogenous twins E' x E™ and End (JV) x I 

A. 3 Applications to descents 

We consider a commutative group variety G over C together with a non-constant real-analytic homomor- 
phism 9 : R — ► G(C). In the next proposition we reformulate the definition of decent to R in terms of 
the Lie algebra. 

Corollary A. 3.1. The homomorphism <& descends to R if and only if there exists a subspace t + £ H(g) 
such that 3 r ,(R) C t + and such that the canonical action of GaZ(CjR) on g with respect to t + satisfies 
h(A) C fc _1 A with an integer k > 0. 

Proof. This is a straightforward application of Proposition IA.1.11 □ 

Since arithmetic problems are our objective, we are interested in algebraic groups over a fixed alge- 
braically closed subfield F of C. 

Corollary A. 3. 2. If F is algebraically closed and stable with respect to complex conjugation and if G is 
semi-abelian, then ^ descends to K if and only if it descends to R. 

Proof. The assertion results directly from Corollary 13.3.31 and Proposition I A. 1 .31 □ 

We keep assuming that F is an algebraically closed subfield of C and define r = rankz (G(F)) + 
rank z *JT ] 1 (G(F)). Recall the definition of * w from Sect. 2.2. 

Corollary A. 3. 3. If F is algebraically closed and if x > 0, then ^ descends to K if and only if^u] does. 

Proof. For F — C the claim is a direct consequence of the previous section. Hence, \& descends to R if and 
only if tyia does. We will show that under the additional assumption that r > the lemma follows from this. 

To this end, we let <f> be the complexification of ^a/. Since r > 0, there are two possibilities: 

1. We have rank z *^ (G(F)) > 0. Then rank z ^ {M{F)) > by Statement 2. in Lemma I6XT1 
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2. We have rank z ty^ 1 (G(F)) > 0. Since * = (*[»])[,], Statement 4. in Proposition 16.1.11 implies that 
rank z 0- 1 (AA(F)) > 0. 

Hence, rank z 0" 1 (Af{F)) > 0. By Lemma 3.3.4 we may identify N ®k R with A/"c/r(G ®f C). As 
rankz _1 (A/"(-F)) > 0, it follows that the Zariski-closure V of imcj) in M ®k C is definable over f\ To be 
more precise, there is a group variety V/ £ N ®k F with the property that V = V/ ®f C. Moreover, 
since Vat(R) 6 A/"(R), we have Vw(R) = (Vw) h (R). So, V equals V\ By Subsection 3.2.2 this implies 
that V/ = V*. Hence, V/ is definable over K, that is, V/ = V r ®k F for a group variety V r C N. Once 
we know that V is definable over K, the proof of the lemma can be completed as follows: 
If ^ descends to K, then, as noticed in the beginning of the proof, tyu] descends to R. As seen in the 
previous chapters, the Zariski-closure V of (\t[t] )jv in A/"®rC is then isogenous to GOrC. An isogeny is given 
by the restriction to V of the projection P(Gg> F C) ■ ^ n view of our identification M ®k R = Ac/r(G <8>f C), 
we have P(g® f c) = PG ®f C. Moreover, as seen above, V = V r ®k C for some V r C N ■ It results that the 
restriction to V,- ®k F of the projection pa is an isogeny onto G. Theorem 12.3.51 implies that Vt^i descends 
to K. Since ty(r) = (^[jOu] (— r), reversing the roles of ^ and ^u, we deduce that if descends to K, 
then so does ty. The corollary follows. □ 
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Appendix B 

Linear extensions of abelian 
varieties 



B.l Some general facts 



A reference for this section is the seventh chapter of Serre' book [30]. We consider an abelian variety A 
over an algebraically closed subfield F and let L be a commutative linear algebraic group variety over F. 
An extension of A by L is a short exact sequence of algebraic groups 







A 



0. 



For brevity we will eventually consider triples (G, j, it) to denote an extension, or even identify an extension 
with its fiber space G. Two extensions (Gi, ji, 7Ti) and (G2, J2, ^2) are isomorphic if there exists an algebraic 
homomorphism v : Gi — > G2 such that the following diagram commutes 




The isomorphism classes [(G, j, n)] of linear extensions over F of A by L form a group Ext(A, L) . The group 
structure can be realized in the following way. Recall that a rational map / : A x A L is a rational 
symmetric factor system if /(£i,£ 2 ) = and if /(f2, 6) - /(fi +&, 6) + £2 + 6) - /(&, £2) = 

6l for all £1,^2, £3 on a Zariski-dense subset of A(F). A factor system /(£i,£2) is said to be trivial if 
/(£i,£2) = <7(£i + £2) — s(£l) — s(£a) f° r a rational map g : A — - > L. The group of classes of rational 
symmetric factor systems is denoted by Hr a j(A, L) s . There is a natural map \ : Ext(A,L) — > H? at (A, L) s 
defined in the following way. For an extension G choose a rational section a : A — » G and let / CT (£i,^2) = 
C2) — ""(Ci) — a (?2). Then / CT is a rational factor system and x[G] = class of f o • 



Lemma B.l.l. The map \ is well-defined and an isomorphism of groups. 
Proof. See Serre [IB Ch. VII, 4] 



□ 



The symbol Ext(-, A) is a covariant functor from the category of linear groups into groups, whereas 
Ext(L, ■) is a contravariant functor from the category of abelian varieties into groupsQ This is made precise 
in what follows. 



^The two functors, of course, extend to arbitrary algebraic groups, but we restrict ourselves to the subcategory 
of linear commutative groups resp. abelian varieties. 



95 



If v : A — > B is a homomorphism of abelian varieties over F, then a homomorphism of groups 
Ext" : Ext(B, L) — > Ext (A, L) is defined by Ext u [G] = [G x B A]. 

If u : Li — > L2 is a homomorphism of linear groups, then, for each extension Gi of A by Li there, 
exists a commutative diagram 




We set Ext u [Gi] = [G2]. This way a homomorphism Ext„ : Ext (A, Li) 
If 

>■ Li — ^ Gi — A »- 



Ext(A, L2) is defined. 




is a commutative diagram of extensions, then w factors through Ext"[G2] and we obtain a diagram 

71 ^l 

Li ^— >- Gi A - 



0- 



■Ext"[G 2 



A- 







In other words, Ext u [Gi] = Ext"[G 2 ]. 

Lemma B.1.2. Let A and B be abelian varieties over F and v : A — ► B be an isogeny. 

1. IfL = G a ,F, then Ext(A,L) is canonically isomorphic to H 1 (A,Oa) and endowed with the structure 
of a vector space over F. The homomorphism Ext" is identified with the induced map in cohomology 
h 1 (u) : H 1 (B,0 B )^H 1 (A,OA). 

2. If L = Gm,F, then Ext(A,L) is canonically isomorphic to Pic°(A), the group underlying the 
abelian variety A*. The homomorphism Ext" is identified with the induced dual isogeny v* : B* 
A*. 



Proof. See Serre [M p. 163] and [30] Ch. VII, 14-17]. 



Lemma B.1.3. Let 



□ 




=- L — ^ G 2 — ~->~ A >- 

be a commutative diagram of extensions in Ext(A,L) and assume that w is an isogeny. 

1. IfL = f with a k > 1, then w is an isomorphism. 

2. IfL = G m .F, then ±(deg iw L ) ■ [Gi] = [G 2 ] G Ext (A, L). 

Proof. Note that wl is an isogeny. If L = G„ F , then icl is an isomorphism. Writing out two exact 
sequences one checks that w must be bijective. This is the first statement. 

To prove Statement 2., choose a rational section <ti : A — + Gi. Then 02 = voo\ defines a rational section 
of 7T2, and wl o f CT1 = f CT2 . But L = G m ,F, so that there exists an integer k 7^ such that iul = [k]h- □ 



Lemma B.1.4. Let i = 1, 2 and let w : G2 

in Ext(Aj,L). 



Gi be an isogeny of fiber spaces associated to the extensions 
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1. There is a commutative diagram 



Gi 



•Ai 



■ 



■ 



such that v is an isogeny. 

2. If L — G a ,F, then the fiber space of the extension h 1 (v)[G2] is isomorphic to Gi as an algebraic 
group. 

3. IfL = G m ,F, then v*[G 2 ] = ±(deg w L ) ■ [Gi]. 

Proof. Let n : Gi — > A be the Stein factorization of 7T2 o w. Then n defines an extension in Ext(A,L). 
However, Gi is an extension in one unique way up to isomorphism. Hence, on the level of isomorphism 
classes we have n = 7Ti. This yields the first statement. Moreover, we get a factorization 

Gi -^-s- Ext"[G 2 ] G 2 



Ar 



Ai 



A 2 



The last two claims thus follow from the previous two lemmas. 
Lemma B.1.5. Let 

s- L — ^ Gi — A » 



□ 




be a commutative diagram of extensions with w an isomorphism. 

1. IfL = G a .F, then [Gi] G [62]^* where we use the structure 
of a vector space on H 1 (j4, Oa). 

2. J/L = G m .F, then [Gi] = ±[G 2 ]. 

Proof. We know that w is determined by wl up to isomorphism. We start by proving the first statement. 
Using the identification G a (F) = F, u>l is multiplication with a number c £ F* . Representing Gi by a 
rational symmetric factor system, we receive the first claim. 

If L = G m ,F, then uil is either the identity or the inverse morphism i : L — > L. By Serre |301 p. 164] we 
have [(Gi, ji, 7ri)] = — [(Gi,ji o i,m)]. This shows the second statement. □ 



B.2 Conjugate extensions and real fields of definition 

We denote by F/K a Galois extension of fields. We assume that F is algebraically closed and fix an element 
h G Gal(F\K). Let A be an abelian variety and L be a linear group over F. If (G,j, n) is an extension 
representing an element in Ext(A,L), then the h-conjugate extension is (G h ,j h ,n h ) and represents an 
element in Ext(A h ,L h ). 

Lemma B.2.1. The homomorphism h defines an isomorphism of groups 

Ext (ft) : Ext (A, L) — ► Ext(A'\L h ) 

given by Ext (ft) [G] = [Gf = [G h ]. 

Proof. With notations as preceding Lemma C.l.l we have 

(x[G]) h = (class of/ CT ) h = class of/* = x[G h ]- 
The lemma follows. □ 
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We assume now that the extension F/K has degree [F : K] = 2 and denote by h the generator of 
Gal(F\K). It is still presupposed that F is algebraically closed. We treat the question when an extension 
of A by Gm.F is isogenous to its conjugate. This problem is, of course, only reasonable if A is isogenous to 
A h . We will in fact consider the slightly easier problem when A is the extension to scalars of an abelian 
variety A' over K. 

Proposition B.2.2. Let n : G — > A be an extension of A = A' ®k F by G m ,F- If there exists an isogeny 
w : H' ®a" F — > G of algebraic groups over F such that n,(w) is defined over K, then [G] + [G h ] or 
[G] — [G h ] is a torsion element in Ext(A, G m ,F) = Pic°(A). 

Proof. We set v — tt*(w) — now and let v' : H' — > A' be a homomorphism such that v = v' ®k F. 
Letting H = H' ®k F and A = A' ®k F, we get a commutative diagram of algebraic groups over F 




A = A h 

Here p is defined to be St(w), the Stein factorization of v = /i o p. The homomorphism p equals p' C8>x F 
where p' is the Stein factorization St(w') of v' . Hence, the extension p : H — > B is defined over K and 
coincides with its conjugate. The assumptions of the proposition imply that also tt*(w) equals its conjugate 
(tt*H)\ So, 

H o p — TV o w — (it o w) = (fl o p) 1 = fl op. 
Consequently, /i = fi h . This and Statement (3.1.1) yield 



H*[G h ) = (» h Y[G h ] = (S) h [G h ] = (») h [G] h = (//[G])' 



(B.2.1) 



The homomorphism p defines an extension of B by G m ,F- As seen in Lemma C. 1.5, p is determined by 
a point s 6 Pic°(B) up to multiplication with — 1. And since p is defined over K, we have p = p h . 
So, s — ±s h by definition of the conjugate extension. Let t £ Pic°(A) be an element corresponding 
to the extension /i*[G]. Lemma lB.1.31 and Statement (C.2.1) imply that, for some k £ Z, t — ks. So, 
t = ±ks = ±ks h = ±t h . Consequently, * + t h = or t - t h = 0. So, 

fi* [G] - A** [G h ] = or ^ [G] + At* [G h ] = 0. 

Since v equals a* ° V and as p is the Stein factorization of v, the homomorphism fi is finite. Hence, /i is 
an isogeny. It follows that [i* is an isogeny. As a result, [G] — [G h ] or [G] + [G h ] is a torsion element in 
Pic" (A). □ 

In the Ga-case all fiber spaces of extensions along a punctured line _F*[G] in H (A, 0a) are isomorphic. 
In the special case when A is an elliptic curve E, which is one focus of our applications, this means that 
all fiber spaces of extensions are isomorphic as soon as they are not isotrivial. Hence, in this special case 
it is not reasonable to ask when an extension is isogenous to its complex conjugate. 



B.3 Standard uniformizations of extensions of elliptic curves 
by G a and G m 

In this section of the appendix we consider linear extensions of elliptic curves more closely. We stress 
standard uniformizations which are represented by elliptic Weierstrafi functions, because many of our ap- 
plications rely on them. We assume that F is a subfield of C and let E be an elliptic curve over F 
in Weierstrafi form and associated to a lattice A. For the definition of the Weierstrafi functions p(z) = 
Pa{z),cf(z) = o"a(z) and £ = Ca(z) we refer to Waldschmidt [37]. Lemma C.1.2 and the differential of the 
exponential map exp E = [p : p' : ll imply natural isomorphisms Ext(E, G a ,p) — H 1 (E,Oe) — LieE ±2 F. 
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Similarly, the same lemma together with the canonical polarization C = Oe^e) yield canonical isomor- 
phisms Ext(E, G m ,F) — E*(F) ^2 E(F). Based on these isomorphisms, the Weierstrafi functions allow the 
following standard uniformization of a class in Ext(E, G a ,p) resp. in Ext(E,G m ,F). 

Let L = G a ,F and t 6 F. Consider the functions 

ftl(z 1 ,Z 2 ) =Zl+tC(Z2) 

ft2(zi,z 2 ) = p'(z 2 )fti(zi,z 2 ) + 2tp 2 (z 2 ) 
fra(zi,z 2 ) = p(z 2 )/ii (21,22) + fp'(z 2 )- 

The extension ir : G = Gt — > E associated to t has a standard uniformization 

exp G (2i,2 2 ) = [p{z 2 ) : p'(z 2 ) : 1 : fa{zi,z 2 ) : /i 2 (2i,2 2 ) : fti(zi,z 2 )]. 

Let L = G m ,F and let uj G C represent an element in E(F). Define the functions 

f I \ CT 3 (z 2 -")e 3C(tj)z 2+ i l 

./u,l(2l,2 2 J - vi {z2 )vi (uj) • 

^2(21,22) = p'(Z2 — w)f u \{zi,Z2) 

fu3(Zl,Z 2 ) = p(z 2 - Ul)ful(Zl,Z2). 

The extension n : G = Gu — > E associated to uj admits a standard uniformization 

exp G (2i,2 2 ) = [p(z 2 ) : p'(z 2 ) : 1 : ^3(21, 22) : f U i{zi, z 2 ) : f u l(zi,Z 2 )]. 

These uniformizations appear in Caveny-Tubbs [8]. The properties of elliptic Weierstrafi functions imply 

Lemma B.3.1. Let A. be a lattice in C and E the associated elliptic curve in Weierstrafi form. Let t and 
uj be complex numbers. 

1. The kernel of the homomorphism exp Gt : C 2 — > E(C) is generated by elements (tri(X), A) with A G A. 

2. The kernel of the homomorphism exp G ^ : C 2 — > E(C) is generated by elements {(,(u>)\— n(\)ui,\) 
with A 6 A. 

Proof. For a A G A we have ((2 + A) = ((z) + 77(A) and a(z + A) = ~e v(XKz+x) a(z), see Waldschmidt [37]. 
The two statements of the lemma follow from these relations by an easy verification. □ 
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Appendix C 



Weil restrictions of simple abelian 
varieties 

C.l A criterion for the existence of isogenous 
models over K 

We let F/K be a Galois extension of fields of degree [F : K] = 2. We define h G Gal(F\K) to be the 
element generating the Galois group. The symbol A denotes a simple abelian variety over F with Weil 
restriction N = A/f/k (A) over K. In this appendix we shall examine when A is isogenous to an abelian 
variety which is definable over K. 

Lemma C.l.l. Let A be a simple abelian variety over F and let A' be a proper abelian subvariety of Af of 
positive dimension. Then A' is a simple abelian variety over K and the projection p\ induces and isogeny 
v : A' ®k F — > A. Moreover, conjugation with h induces an isomorphisms of groups 

v h : Horn (A' %F,A) — > Horn (A' <g> K F,A h ),v h (u) = u . 

Proof. Clear. □ 

It follows that Af is simple over K unless there exists an isogeny v : A — > A h . An isogeny v induces 
an endomorphism w : N ®k F — > N ®k F. To be more precise, for (£1, £2) £ Ax A h = A/"<8>ir F we define 
tu(£i,6) = (v h (&),v(£i)). Recall (3.1.1) and Corollary El and let (£,£ h ) G cZ (Af) El We calculate 

w(£,t) = (v h (t)MO) = (nO) h MO) e AT. 

Since the set cl(Af) of closed points in Af is Zariski-dense, we conclude that w = w h . By Lemma 13.2.21 the 
homomorphism w is actually defined over K, that is, w results from an endomorphism of Af which will be 
denoted by the same letter. 

Lemma C.l. 2. Let A be a simple abelian variety over F with ring of endomorphisms End(A) s; Z. Let 
v : A — ► A h be an isogeny of minimal degree. Then End(A/") is generated over Z by the identity and the 
induced isogeny w. If Af is simple over K, then End(A/") is an order in a real quadratic number field. 

Proof. Let // G End(A/") and write \i for the endomorphism // ®k F G End(A x A h ). Since End(A) ^ 
Hom(A,A h ) i2 Z and as v is minimal, there are integers di,d2 such that, for all closed points (£1,^2) G 
A x A h , (pA°At)(Ci, £2) = di( t i + d2v(( t 2). As ji is defined over K, we have jj, — fi h and p Ah ofi = (pa) H = 
(pA°n) h . Statement (3.1.1) implies [p A h o fi) , £f ) = di£Z + d2« h (£i )• As a result, /1 = di ■ id. + di ■ w . 
We infer that End(A/") = Z[w]. 

Next we observe that v h o v is multiplication with an integer k, because End(A) ^ Z. The next lemma 
implies that k > 0. It results that w 2 = [k]s/. Hence, if N is simple, then End(A/") is an order in the real 
quadratic number field End(A/") ® Q. □ 

^^The symbol "cl(-)" refers to the set of closed points. See Corollary 3.3.3. 
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It follows from the universal properties of Weil restrictions and from Lemma [C . 1 . 1 1 1 hat A is isogenous 
to an abelian variety with model over K if and only if M is not simple. In this context we have the following 
criterion. 

Lemma C.1.3. Let A be a simple abelian variety over F . If the Weil restriction N is not simple over 
K, then there exists an isogeny v : A — > A h such that deg v = fc 2dlm A and v h o v — [k 2 ]\ with a natural 
number k > 0. 

The lemma was suggested to us by Wiistholz in the case of elliptic curves (oral communication). 

Proof. Assume that there is a proper abelian subvariety B' of M over K and let u — pa\b be the restriction 
to B = B' ®k F of the projection p\. Lemma D.l.l implies that u is an isogeny. There exists an inverse 
isogeny /i : A — > B with the property that u o /j is the multiplication [&]a with a natural number k. 
Moreover, ker u h = (keru) . Hence, 

£,2 dim a _ ^ u Q ^ _ u ^(j e g ^ — u h )(deg n). 

It follows that v = u h o fj, is an isogeny of degree deg v = fc 2dim A . We are left to show that v h o v is 
multiplication with k 2 . Now, [k]\ = so that 

(/x o u) o (j, = /j, o [k]\ = [A:]b ° At- 

Since /i is epi, we get [&]b = fio u. Recalling that B is defined over K, 

[k] B = ([k]B) h = (a* o u) h — [i h o 

Moreover, 

h / h \ r h \ I h h\ 

v o v — (u o /j, j o [u o fij = u o (n o u ) o(j 

Thus, we get 

u 1 O II = It O [fc] B O jj, — [k]\ o (u O flj — [k ]a- 

Everything is proved. □ 

In the special case when End(A) ±2 Z the last lemma can be improved to 

Proposition C.1.4. Let A be a simple abelian variety over F such that End(A) ^ Z. Then the following 
assertions are equivalent. 

1. A is isogenous to an abelian variety with model over K. 

2. The Weil restriction N is not simple over K. 

3. There exists an isogeny v : A — > A h with the property that deg v = k 2 dlm A for a natural number 
k > 0. 

4- Hom(A, A h ) and for all v £ Hom(A, A h ) we have deg v — k 2 dlm A with a natural number k > 0. 

Proof. 1. 2. ' The direction results from the universal property of Weil restrictions. The con- 

verse holds by Lemma lC.l.ll 

"2. <=> 3. ' The direction was proved in the previous lemma. To show the converse direction, let 

v : A — > A h be an isogeny with the property that degv — fc 2dlm A . Then v h o v lies in End(A) ^ Z and 
deg (v h o v) — deg v h o deg v = (deg v) 2 . Together with the previous lemma it follows that v h o v = [& 2 ]a- 
The definition of w preceding Lemma IC . 1 . 2 1 yields w 2 = [fc 2 ]Af ■ Thus, (w — [k]j^) ° (w + [fc]jv") = [0]jv ■ As 
w ^ [ ± k\ End(A/") is no division ring. Therefore M is not simple. The second statement follows. 
'3. <=S> 4.' Let v be as in Statement 3. Since the Z-module Hom(A, A h ) is isomorphic to End(A) ^ Z, 
there is then a generator v of End(A) and an integer m such that v = [m] A h o v . Since [m] A h has degree 
m 2dlm A , there exists an integer ki > such that deg v = kl dlla A if and only if deg v = fc2 dlm A with an 
integer ki > 0. In other words, Statement 3. implies Statement 4. The converse direction is obvious. □ 

There are examples of abelian varieties A with complex or real multiplication such that an isogeny v 
of degree deg v ^ k 2 dlm A exists, although N is not simple. 

Example C.1.5. If F = C and A is the elliptic curve E^ = c /( z + V~^ z ), tnen A = A h and Af is not 
simple over K. However, multiplication with \J — 2 induces an isogeny v : A — > A h of degree 2. 
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The reader should not confuse either the existence of an isogeny between conjugated group varieties 
with the existence of an isogenous group variety admitting a model over K. 

Example C.1.6. Let F — C, r = v3(l + *) an d let A be the associated elliptic curve E T = C/(Z + Zt). 
Then its complex conjugate is E_ h ( T ). An isogeny v : E T — > E_ h ( T j is induced by multiplication with 
h(r). We have deg v = t ■ h(r) = 6, and the last lemma implies that AT = A/c/n(E r ) is simple. 

C.2 An application: The j-invariant and real fields of defi- 
nition 

Corollary |A,1.2l and Proposition IC . 1 .41 admit the following nice application. In the statement we consider 
the modular j'-function j : H — > C on the upper half plane HI. 

Corollary C.2.1. Let r G H. Then the elliptic curve E T = C/(Z + Zt) is isogenous to a curve with model 
over R if and only if Rer is rational or if there exist integers di,d? such that d\ is non-zero and |dir + d2| 
is rational. 

Proof. The assertion is clear if r is a quadratic irrationality. We may thus assume that r is not a quadratic 
irrationality and that E T and E_ h ( T ) are not CM-curves. If E T is isogenous to a curve with model over R, 
then it is isogenous to its complex conjugate E_ h ( r ). As a result, there exists a number a G H U R such 
that o(Z + Zt) is a sublattice of Z + Zh(r). If a is real, then a is an integer. In this situation we find as 
in the proof of Corollary I A . 1 . 2 1 that Rer is rational. If a 6 H, then a — d\h(r) + d-x with integers d\,di 
such that d\ < 0. We set /3 = h(a). It follows that 

/3(Z + Zcr) C Z + 1h(a) and h{P) (Z + Zh(o)) cZ + Zcr. 

Hence j3 represents an isogeny v : E CT — > E_;,( CT ) and /3h(/3) represents the endomorphism v h o v. Since 
the curve Eo- is isogenous to E_ h ( T j, it has no complex multiplication either. So, v h o v is multiplication 
with an integer and has degree (/3ft(/3)) 2 . Consequently, the isogeny v has degree 

V^deg vY = V(deg v)(deg v") = ^(deg v o v") = ph{/3) = |/3| 2 = |/?| 2dim E " . 

It follows from Proposition IC . 1 .41 that \/3\ — \d\T + dx\ G Z. This shows one direction (if-part). 
For the converse direction we may suppose that Rer is irrational for otherwise the claim follows from 
Corollary I A. 1.2 1 By assumption there are then integers d\ 7^ and di such that \d\T + cfel is rational. 
Then there exists a further integer ^3 7^ such that, letting a — d^dir + c^cfe and j3 = h(a), we have 
a £ H, /3(Z + Zo) C Z + Zh(o) and \/3\ G Z. The isogeny between E^ and E_ h(tT) = E^ represented by f3 
has degree |/3| 2 = |/3| 2d,m E " . It follows from Proposition IC . 1 .41 that E CT is isogenous to a curve with model 
over R. And so is E T . □ 

Remark C.2. 2. If r takes an algebraic value j(r), then r is either a quadratic irrationality or a transcen- 
dental number. In the latter case the numbers Rer and \d\T + cfel cannot both be rational unless di = 0. 
For otherwise Imr is algebraic, and so is r = Rer + i ■ Imr. 
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